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PREFACE 
Direct current shunt connected motors have been used 
in industry for many years. Until the advent of servo­
mechanisms, or closed loop control systems, the steady 
state p�rformance of the motor was of prime interest in 
the majority of situations dealing with this type device. 
With the development of closed loop control systems, 
a method of linear analysis utilizing device transfer 
functions, i.e., an expression relating output and input 
of the device, was developed, perfected, and widely ac­
cepted. Prior to this development, when the transient 
performance of direct current motors was considered of ac­
ademic importance only, a linearized performance approxi­
mation leading to a first or second order equation evolved 
and was then accepted by system analysts as a true repre­
sentation of motor behavior. 
Cross fertilization of motor designers and closed 
loop control system analysts appears to have been inhibited 
by the tendency toward specialization of manufacturing and 
engineering techniques existing in industry until very re­
cent times. 
This thesis attempts to define some of the motor de­
sign parameters and their influence on transient behavior, 
iii 
present experimentally determined performance compared 
with predicted performance using the "linearized" type 
analysis, and derives a procedure for obtaining a transfer 
function yielding valid performance calculations. 
An expression of appreciation is extended to: 
Dr. Harry D. Crawford, Dr. William L. Hughes, and 
Dr. Eugene K. McLachlan, members of my advisory committee, 
for their encouragement and prompt consideration. I am 
especially indebted to Professor Charles F. Cameron, 
chairman of my committee, and Professor Claude M. Summers� 
also of my committee, for their supervision, guidance, en­
couragement, and help throughout my doctoral program. It 
was their intense interest in this area of electrical en­
gineering study that interested and prompted me in my re­
search leading to this thesis. 
Miss Velda Davis, who typed this thesis, is also due 
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Direct-current motors have been designed and utilized 
for many years in substantially the physical form present­
ly used. During the years since the advent of this form 
of electrical to mechanical conversion device, there have 
been many improvements in the state of the art but these 
improvements were, for the most part, incorporation of ad­
vances in insulation, magnetic materials, brush mater:i,als, 
etc. Electrically, there have been few changes other than 
the addition of pole face windings (rather than movabl� 
brush rigging) to compensate for the effect on the main 
field of magneto motive force due to armature currents, 
commutating windings for aiding commutation, etc� 
Few changes in the method of analysis,· insofar as 
performance is concerned, have occurred. Until the advent 
of closed-loop control systems, transient response of d-e 
motors was relegated to secondary importailee - the steady­
state characteristics, such as the speed-torque relation­
ship, were considered prime factors. Since d.c. motors are 
widely used as power stages in closed-loop systems, their 
transient respo�se characteristics are becoming of extreme 
1 
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importance, not c>h.ly to the system analyst who is inter­
ested in the external behavior, but aJso to tb,e designer 
who is· striving to examine the factors co�tributing to un-
,, 
desirable extern.al characteristics and to t�e steps to 
correct or mitigate these factors. 
One of the earliest references dealing. with transient 
performance was· published in 1917. (] .. ). It deals with the 
characteristics of shunt, series, and compound wound d.c. 
motors with various load combinations. The analysis is 
for a linear relationship between magnetizing force and 
resultant flux (B-H curve) for the shunt and compound 
wound machines and includes mutual CG>uplin.g between the 
shunt and series field in the latter case. The shunt and 
series field self inductances are also considered alt-hough 
they are assumed to be of constant value (which later in­
vestigators, especially Koenig (2), have experimentally 
shown not to be the case). The analysis for the series 
and the shunt motor is based on no inductance in the arma-
ture and no coupling between the armature and the main 
field for the shunt connection. Frohlich's representation 
of the B-H curve is utilized in the series motor analysis. 
Since the appearance of Hansen'.s (1) 1917 publication, 
numerous works have bee� published pertaining to the elec­
trodynamics of d.c. machines, but these are, for the most 
part, with either constant or linear parameters and for 
the· condition of constant, full excitation prior to � 
disturbance investigated. (2, 3, 4, 5, 6, 7). Inclusion 
3 
of conditions within the field circuit (for varying field) 
leads to mathematical obstacles not easily overcome in 
straight forward analytical work. White and Woodson (4) 
presents a block diagram of a realistic d.c. shunt machine 
which incorporates nonlinearity of the B-H curve and lends 
itself to analog computer study. Some works do circumvent 
the mathematic obstacles associated with the nonlinear B-H 
curve by graphical methods. (8, 9, 10). However, the ef­
fect of flux build up with time in the shunt field is ig­
nored. The closest approach to a true analysis is given 
by Rao (11), although it is limited in scope since it cov­
ers a specific two machine oscillating system. In the 
course of study of short circuit phenomena associated with 
d.c. machines, effects have been noted and accounted for
empirically that appear to retard the rise of current in 
machines under short circuit conditions. (12, 13, 14). 
These effects do not manifest themselves in a linear anal­
ysis where the effects of eddy currents and currents cir­
culating in closed iron paths formed by rivets, bolts etc., 
used in fastening the core together,are ignored. 
The most common and widely used analysis of d.c. mo­
tors is based on a so called "steady-state" analysis which, 
in effect, is for a device with no inductance and no elec­
trical time delays. The most enlightening reference for 
this type of analysis is presented by Ahlquist (15). The 
practical effect of the no-inductance assumption is that 
there are infinite number of equilibrium conditions 
4 
relating torque and speed, which are the externally mani­
fested parameters of a motor considered of first impor­
tance. These equilibrium points are mathematically related 
and can be so expressed. In operation, any departure from 
a condition of equilibrium is along a line, which can be 
mathematically expressed (called the speed-torque charac­
teristic) by a relatively simple first or second order 
equation, to a new equilibrium point. This speed-torque 
characteristic can be experimentally obtained by slowly 
changing electrical and mechanical system parameters and 
measuring average values. Due to the realities of the 
situation, the actual physical phenomena will most probably 
depart from the static or "steady state" curve except for 
average values. In other words, the instantaneous values 
depart from the average values of speed and torque and a 
"steady state" analysis may lead to misleading or false 
results. 
Some factors responsible for the departure of instan­
taneous values from average values are: 
1. Nonlinear B-H Characteristic
(a) Armature magnetomotive forces.
(b) Constantly changing ratio of inductance
to resistance.
2. Armature to Field Coupling
3. Commutation
(a) Brush shift.
(b) Use of diverter resistors in the series
and commutating fields.
4. Circulating Currents in Core Fastener and Other
Closed Conducting Circuits.
5. Eddy Currents· in the Magnetic Core.
5 
6. Nature of Mechanical Load, Inertia, and Dampingo
The inclusion of any of the above factors in a mathe-
matical analysis of the motor performance leads to unwieldy 
and often impossible-to-solve expressions. Linear analy­
sis ignoring the above factors does admit to mathematical 
solution and does serve a useful purpose, i.e., an appre­
ciation of factors influencing the transient response can 
be obtained. In order to intelligently evaluate electro­
mechanical dynamics based on the linear analysis, each of 
the above factors must be examined and their effect on the 
linear analysis assessed by judicious application of ap­
propriate engineering judgment. 
In this thesis, the various influencing factors are 
examined analytically and experimentally and their prob­
able effects summarized. In addition, experimentally 
derived data for various loadings on the shunt connected 
d.c. motors is presented.
The objectives of this thesis are: 
1. A comparison between the predicted and actual
transient response of direct current motors.
2. Mathematical derivation and evaluation of fac­
tors contributing to discrepancies between ac­
tual and theoretical performance.
3o To present a summary of steps and precautions 
that can be taken in the design stage of a 
motor to minimize the effect of the factors 
referred to in (2). 
4. To develop a procedure for obtaining a trans­
fer function for the motor which will result
in more faithful representation of motor
behavioro
6 
If these objectives have been fulfilled, it is felt 
that a substantial contribution will have been made to the 
motor design and systems analysis area� because it will 
materially aid motor designers in their attempts to design 
relatively small direct current motors (for inclusion in 
closed-loop control systems) whose performance can be re­
liably and accurately predicted by present day, straight 
forward, easily managed techniques of system analysis. 
The rationalized MKS system of units is used through­





In general, motors are devices which convert elec-
trical energy to mechanical energy. Utilization of a mo­
tor results in a mechanical load on the shaft of the motor. 
This mechanical load is best considered, for analytical 
purposes, as a resisting torque acting on the motor shaft. 
Electromagnetic power is defined as the power converted 
from electrical to mechanical form, or vice versa. Elec-
tromagnetic torque is related to mechanical power by: 
where: 
Tm = electromagnetic torque, newton-meters
Pm = electromagnetic power, watts
oo = angular velocity, radians/sec. 
(2-1) 
For a motor, electromagnetic torque corresponds, at 
the given angular velocity, to the power converted from 
electrical to mechanical form and acts against friction and 






to as "rotating losses") as well as the external resisting 
effect of the load and the inertia of the ·load and rotor. 
Considering the mechanical load as a resisti�g torque 
which includes friction and windage effects, and applying 
d' Alembert's principl�, the equation of. equilibrium for the 
motor and load is: 
+ doo
= ;� - J dt (2-2) 
where: 
T±;_ = resisting torque of load, friction, and 
windage in newton-meters. 
J . = po�ar �pm·ent of inertia of combined motor 




cit = angular acceleration of moto:t and load, referred· . . { 
to the motor shaft in radians/second2 . 
J.,ote: If Tm > TL, the + sign i$. used,
If Tm < TL' the - sign is u�ed.
Loads which c� only oppose rotation, sue� as· fric­
tion, are designated a.s passive loads. Loads havi:o.g,,· -phe 
ability to drive the motor are said to be activ$ loade. 
dwJ dt is commonly referred to as an inertia load. Both 
passive and active loads may be of a type which are (a) 
independent of speed, (b) some function of speed, and (c) 
a combination of (a) and (b) plus the intertia load. 
If the load shaft revolves at a different angular 
• 
9 
velocity than the motor shaft, a torque transformation may 
occur (as in the case of gearing, pulleys, etc.) and this 
must be considered when determining net TL and J.
Consider a drive system, as shown in Figure 2-1, with 
a speed-changing gear between the motor drive shaft and 












Figure 2-1. Driven System Block Diagram 
polar moment of inertia of motor 
polar moment of inertia of load 
polar moment of inertia. of gears (referred to 
the motor shaft) 
speed ratio wL/wm 
angular velocity of load shaft 
angular velocity of motor shaft 
a load torque independent of speed = cl
T 2 = a load torque vary�ng as wL = 02�
T3 :;:: a loag. torque varyi:r;tg as CJ.) 2 L = 03�
2 
(T1, T2 and T3 referred to the load shaft)
u>m Now Tw = T 'w , or T = - T' , or T' = aT
where: 
L m ooL
T = torque ref�r:ved to lpad shaft with angular 
velocity w
L
T' = torque referred to Dfetor shaft with angular 
velocity wm.
T' 
. referred to �h� motor shaft·. 
referred to the
T2 ; T 
= wLC 2 ;T
'' = a2 C2wm. motor $liaf-tr �-
T3 ; T = w 
2 C ,T'L 3 = a3 C 
w2 
3 m
For the complete solution, · referred t6 the motor 
shaf't, the equation of equilibrium is: 
10 
(2-3) 
Thus, any combination of motor-load-gearing arrangements 
can be reduced to an equivalent system for Mhich the 
For t.he ineJ:>tia l,o~d.,,, ~. 
-a 
11 
equation of equilibrium is applicable. Although the over-
all gear ratio, a, is fixed , it is possible to minimize 
the total inertia by securing the speed change, a, in sev­
eral, rather than one, steps of speed changing. (16)o 
The stability of a system may be defined as that at­
tribute of a system which enables it to develop forces of 
such a nature as to restore equilibrium after any small 
departure therefrom. A simplified evaluation of stability 
considers the system to be at some equilibrium position 
defined by: 
(2-4) 
And, for a decrease in speed, if Tm> TL' the system
accelerates to its former position; for a speed increase 
beyond the equilibrium speed, if TL> Tm' the system re­
turns to equilibrium. For these conditions, the system is 
said to be stable. 
A more sophisticated, and exacting, approach is as 
follows: Assume a small deviation from equilibrium and 
denote the changes by 6Tm' 6TL and 6w. The equation of
equilibrium (2-2) becomes: 
From this, subtract equation (2-2), resulting in: 
Jd(6w) + 6TL =dt (2-6) 
Jd(w + Ll.w.2. + (T + Ll.T ) = 





lf t4e departure� ar.e truly quite small, , they may be ex� 
pressep.. as li�ear functions. o:f flu,, in wm.,.ch e,ase Equatic,n 
(2.-6) pe_eomes: 
�his is an 0.rg.inary g.i!.fe�entia.+ �quati9D: in A0>, t of the 
. \ \ 
"var�ables separab+�" type, yiel'.(ling !.Q� a. $Olut:i,on, 
(2-8) 
·;,• whe�:e !l4>o is the c�ange in
= �lar vt�c;ic�t� at; t'.ime,
t "!" o+;.
If · Aco · 1, to,. ,app�;pach zeio. wit�� pa.El.sa�e, �f tim� ( an4
eq;µil.ibriwn ;is �o be·, ... :P.es;t-ore�) ':- th? �on.ent o� �. �u§lt '\)�
J.ieg�:t,iv! anci.'.,,:.fro1,1t"�ua.t\on (2-8), this g� be @�·iOD.� �{ 
dT dT ' . . ·· . m . · L , The co�,�t10.n of A�m '!!= dw (it{&).) �d �Tl.! == db,· .. �-4�)
11tilizes the ger; Vfiti,re{ll. �of !rm ai;i.d 'l!L wit;p. res.P!e.ct:.cto w a.t
. · dTm · __ dTL t:q.e p�i:t!lt of e;tq�tiib:riiµn. Th� va+�es 9+ · dw �-, dfu ·•us't · · 
be �valua,.t�4 il;).. the, l;g�t;. o:f the act,1:1a,.l �' wl:!,�eli ma.y:,pr 
�ay- ��t be small enough.to yield valid results using 
Equation (2-8). 
13 
Torque Load Proportio:p.al t0 Speed 
In order -:to investigate, experimentally, transient 
loading of motors, several possibili tie·s for obtaining ad­
just(:lble torque loads were considereclo The most feasible 
method of obtaining ap. adjustable load with minimum tran­
sient effects within the load device appears to be a sepa­
rately e:x:cited shunt generator with a small (less than 10% 
effect) series field and interpoLeso For such a generator, 
the total armature inductance is: 
L = L�ature + 11series fld +' Linterpoles ... 2MAI - 2Msr + 2MsA
�'where: 
L = appropriate self inductances 
MAI = armature, to interpole mutual inductance'-
· M81 = series field to interpole-mutual induct�ce
MSA = series field' to armature mutual inductance. 
For many machines, the net inductance is very nearly 
zero. 'Under this circumstance, the equivalent loading 
�rcui t of the generator� negle·cting rotating losses, iS' 
as shown in Jigure 2-2. 
With con.stant e:x:ci tation, the induced volyate is pro­
portional to angular velocity and the power a�sorbed by 
the total .cireui t resistance� RT� is:




E - induced voltage in the armature. 





R = R + R
T load armature 
Figure 2.2. D.C. Generator Equivalent Circuit 
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Under the assumpti.on of no rotating losses, the elec-
trical power absorbed is also equal to the mechanical 




It can be seen then that for constant excitation and 
fixed load resistance� the mechanical torque input to the 
generator will be directly proportional to the angular ve = 
locity of the armature of the generator. Tests made on 
the generator used for load in the experimental portion of 
00 
this thesis displayed the torque versus angular velocity 
relationship shown in Figure 2=3· 
15 
As can be seen� the torque-speed relationship is ex­
tremely linear. It does have a constant component due to 
the nearly· constant rotating losses associated with the 
generator� the torque meter and the tachometer. 
The net armature circuit inductance was found to be a 
maximum (low saturation value) of 0.008 henrys with an ar­
mature circuit resistance of 4 ohms� resulting in a time 
constant of 0.002 seconds. The actual measured time for 
the input torque to rise from zero to rated value upon 
closing the armature circuit was found to be less than 
0.005 seconds. Thus� the self excited generator displays 
very desirable characteristics for obtaining this type of 
loading and was used experimentally in this investigation. 
AoC. Motor as Adjustable Torque Load 
In the course of the evaluation of various devices as 
to sui tabili.ty for the experimental portion of this thesis� 
an analysis was made on the use of conventional alternating 
current motors� with direct current supplied to the stator 
windings 9 as load devices. Al though this means of pro­
viding loading does not appear to be satisfactory for 
transient studies� due to the electrical transients within 
the loading device� it does offer unique properties for 
steady state studies. This analysis was original with this 




























0 0 200 400 600 800 1000 1200 1400 1600 1800 2000 2200 rev/min. 
Figure 2.3. T-w for GE Co. 5BC44AB65F (
1
/4HP), Fixed
Load� Separate Excitation 
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substantiated by others and it is felt that its inclusion 
in this thesis is a positive contribution to the field of 
energy conversio.n device analysis. 
This analysis is based on the use of a single-phase 
alternating current motor of conventional design utilizing 
a main and an auxiliary winding in space quadrature as 
shown in Figure 2.4a, but the results are equally appli-
cable to a conventional three-phase induction motor with 
windings excited as shown in Figure 2.4b which in effect 
establishes two magnetic fields in space quadrature. 
Figure 2.4A. Single 
Phase Motor With 
D.C. Excitation
Figure 2.4B. Three Phase 
Motor With D.C. Excitation 
For purposes of analysis, consider a single-phase mo­
tor consisting of a cylindrical rotor and stator. The 
stator has two distinct windings. Although the windings 
are distributed in space, each winding has an axis and the 
axis of the windings are in quadrature, i.e., separated in 
18 
space by n:/2 electrical radians. The windings are such 
that p poles exist and the windings will be designated m, 
for main and a, for auxiliary. Further, assume the fol­
lowing: 
(1) The effect of slot openings can be neglected,
i.e., a cyclindrical rotor and stator with
magnetic properties independent of rotor 
:position. 
(2) The iron used in the magnetic circuit has infi­
nite permeability. All magnetomotive force
drop is in the air gap of the machine.
(3) There are a sufficient number of inductors on
the rotor so the closed rotor winding can be
considered to consist of an infinite number of
fine inductors and rotor current can be consid­
ered the equivalent of a "current sheet".
(4) The stator winding configuration is such that a
stator current establishes a magnetic field with
sinusoidal distribution in space.
(5) The influence of saturation, hysteresis and eddy
currents is neglected.
(6) Air gap width, g, is small compared with the di­
ameter and length of the rotor and stator.
(7) Flux crosses the air gap normal to the rotor and
fringing at the ends of the rotor and stator is
neglected.
(8) Harmonics in the current and flux density 
sinusoids are neglected.
(9) All leakage flux is neglected$
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In order to establish the relationship between torque, 
flux and magnetomotive force, consider excitation on one 
winding only with the rotor revolving w radians per second. 
If the excitation is time varying, a "transformer" and a 
"speed" voltage are induced in the rotoro Since the rotor 
winding is closed upon itself, currents flow in the rotor 
winding. The transformer voltage, if present, acts along 
the same axis as that of the winding (stator) and would 
appear to the stator terminals as a voltage drop in the 
stator. Since the stator field and the field due to the 
rotor transformer voltage are in space phase, no mechani­
cal torques are involved. Under the assumptions made and 
with constant speed, w, the "speed" voltage, is sinusoidal 
and is in space quadrature and time phase with the magnetic 
field of the stator winding. With no leakage flux, and 
consequent leakage inductance, the resulting rotor current 
is in time and space phase with the rotor speed voltage. 
If leakage flux does exist, the voltage and current are 
displaced with respect to each other in time and, conse­
quently, in space due to rotor movement. 
For two poles, the developed air gap situation would 
be as shown in Figure 2.5, assuming e = 0 is along the 
axis of the exciting winding. 







Figure 2.5. Air Gap Flux and Rotor MMF Relationship 
The relat±on�hip between current density andm.mf:i's 
. '. ,· - . 
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determined from the fact that, in the mks (ratio:µalized) 
system of units, the mmf acting around any closed path is 
eq-µ.al to the current enclosed by the path, or 
I = .s6H • dl . (2-12) 
With sinusoidal current density distribution, i.e., 
J = J
P 
cos 6, the mmf, F, at any point can be determined 
as follows: Refer to Figure 2.6. Assume integration 
around closed path "a"· The net current enclosed is zero. 
Therefore, F, at points where path "a" crosses the air gap 
must be zero. Integrating around closed path "b" yields, 
for net current: 
'It . rt r t = r Jd e = J JP: ,cos e de = 2 JP· ,ne o o · 




l,l= 00 ---�- -
.,.




Figure 2�6 Closed Path Integration in the Air Gap 
With -a total mmf of 2J·
:P 
and no drop in mmf in the
iron, there must be a drop in mmf of J
P 
across th� air gap 
at each crossing of path "b 99• Since path 91 b" corresponds 
to the maximum enclosed current, these points , in space, 
must correspond to the locations of maximum rotor mmf, F
P 
which is also equal to J
:p
o Performing the same thought
process for all other possible paths , where the air gap 
I 
1' 





µ. :: 00 
crossings are 1t radians apart, leads to the conclas'ion 
that the mmf wave is sinusoidal and can be expressed as: 
F = F sin 8 = J
p
sin 8 @ 
p 
(2-14) 
From elementary electrical and mechanical relation­
ships, the following results: 
Pelee ei e 
dA 
= • = dt and i 
dA
Pelee = dt 
Pmech 
Tc.u c.u d8; = dt P;2 
2T d8 
Pmech = dt p 
and 
where: 
Pelee =  instantaneous electric power
e, i = instantaneous voltage and current; 
A = flux linkages 
Pmech = instantaneous mechanical power 
T,c.u = instantaneous torque and angular velocity 
8 = instantaneous space angle 
p = number of poles in the e-lectrical machine. 
If Pmech = Pelee 
Equation (2-15) can be. solved for torque,, yielding" 
T = � i � . 
(2-15) 
(2-16) 
'·. ·· .. ,J Now consider an elemental 1 turn coil located on the 
rotor. One side ·\Of,. the coil is of width dcx. at angle e,
the other side of the coil being dcx.8 + n, located at 6 + n





The flux linkages, A, with this coil are 




where r and 1 are the radius and length of the stator and 
rotor iron and Bis space distributed flux density. 
and 
From Figure 2.5, B = B
P 
cos 8. 
2B lr sin 8 
p 
= 2B lr cos 8 .
p 
Since i = Jd 8 = J
P 
cos8 d8 
the torque� dT on this elemental one turn coil is 
dT _ idA - d8 = (JP 
cos8 d 8 )  (2 Bplr cos 8) .
The total torque on the current sheet is 
]. reT = 2 1a dT .
When Equation (2-22) is used for dT, 











If angle ( 1;/2 - o) h ad existed between the current 
and since JP = F p 
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sheet and the flux density, due to leakage reactance, the 
derivation would have proceeded in the same fashion except 
and 
F = F cos (8 - o) 
p 
di = Jd8 = JP 
sin (e - o) 
and Equation (2-24) becomes 
(2-25) 
(2-26) 
Noting that flux,�' and flux density are related by 
� = /rt . B l r d 8 = 2 lr /rt B cos 8 d8o P;2 p o P 
results in: 
4 lrB 
� = ___ ]2_ p 
( 2-27) 
(2-28) 
· Substituting Equation (2-28) into Equation (2-26) yields:
T = 8 p
2 � F p sin o (2-29) 
In Equation (2-29), F
P 
is a function of� and rotor 
velocity w. If the excitation is time vary�ng, both� and 
F
p 
will be functions of time and T, as determined from 
Equation (2-29), will be instantaneous torque. Average 
torque can then be obtained from: 




= 2n fo T dt (2-30) 
where Tis the value of torque from Equation (2-29). 
In order to easily visualize the effect of direct 
current on the rotor, consider first the phenomena with 
only the main winding excited. Refer to Figure 2.7. The 
inner ring indicates the direction of current flow from 
the induced speed voltage resulting from conductor ele­
ments cutting the net air gap flux along the main field 
axis; + represents current flow onto the page and · is 
current flow out of the page. 
stator 
-v
x axis or 







� axis or main axis 






.\i I I I t-1.J.. I 
X 
Rotor 
In Figure 2.7: 
�my is the flux due to winding min they axis.
�c is flux established in the cross axis due to 
the current in the inner ring and is propor­
tional to net y axis flux (�my - �AR)
�AR is flux arising as a result of current flow
from speed voltage due to �c· 
The outer ring indicates the direction of current 
flow due to the speed voltage arising from �c· The re­
sulting current establishes flux �AR.




















and q,AR (2-35) 
The mmf's Fx and FY 
are the result of the currents
shown in the inner and outer ring - bearing in mind that 
the inner and outer ring are fictitious separations for 
the purpose of easy visualization, whereas in the actual 
rotor, these currents exist simultaneously in the single 
set of rotor inductors. 
From Equation (2-29), torque is developed between F
Y 
and <pc and also between Fx and (<pmy - q>AR).
The analysis will now be extended to cover the case 
where both windings m and a are excited by direct current 
as shown in Figure 2.8. Since flux density and mmf can be 
related via the permeability, flux density will be used 
















In Figure 2.8: 
Now 
B = magnetic field established by im (in y axis)
my 
B = cross field due to speed voltage from netcmx 
main axis flux (in x axis) 
Bax = magnetic field established by ia (in x axis)
Bcay = a main axis field due to speed voltage from
net cross axis flux (in y axis). 




where Nme and Nae are the effective number of turns on m
and a, Hy and Hx are stator winding magnetomotive forces,
and g is air gap length. 
Then: 
where 
; B ax (2-37) 
µ
0 
is air gap permeability = 4n 10-7 (free space). 
Also, B and B cany x 
By = B my
where: 
By and Bx are
be defined as: 
- B cay Bx = B - B cmx · ax
net flux densities in the 
(2�38) 
x and y axis. 
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As demonstrated in the preceding section, the combi­
nation of BY and w induce a rotor voltage with accompany­
ing rotor current, ix. An mmf, Fx arises from ix and Fx 
establishes Bcmx· Similarly iy results from Bx and w,
establishing F
Y 
and Bcay• In order to determine these
quantities, consider a small element on the rotor winding 
of width r d6, thickness h, 1 units in length and with a 
resistivity of P. A voltage, ex(or ey) is induced and
current flows in the element. 
ex = 
ix








and ix = 
ix




















If BY and Bx are defined as maximum values, then Fx
and FY in Equation (2-42) are the peak values of sinusoi­
dally distributed mm.f's. Now that Fx and FY are deter­
mined, Bcmx and Bcay 












B r2 whµ. 
= . y O 
2pg 




r2 hµ. . 0 
.Substituting Equation ( 2-45) into Equation (2-44): 
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(2-43) 
9 ! B = B - B • {2-46)· w cay cmx ax 











= (1 + g.) . 
w 
K 
B - - Bmy w ax 






B - Fyµo - Bxr2whµo 
cay - 2g - 2pg 







The values of Bcmx and B from Equation (2-47) and Equa-cay 











B K ��BaJ = -
K2 x w 1 + ,.. 
w 
(2-50) 
There are two mmf's, F
Y 
and Fx acting with the two
fields Bx and By 
to produce torque on the rotor in accord­











Figure 2.9. Torque Directions (Two Winding
Excitation) 




T = 1t lr 1?. [ B F + B F ] • 2 y X X y 
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The value of Fx and FY 
are given by Equation (2-42)
and Bx and 
B
y by Equation (2-49) and Equation (2-50).
Using these values in Equation (2-51), gives: 
[
B 2 r2 wh Bx2 r2wh]T = n lr � y p + p 
= lt lr
3 w h p [ B 2 + B 2 ]2P y x 
From Equation (2-49) and Equation (2-50):




Equation (2-53) can be written: 
where 
Then 
B 2 + B 2 
x y 
K2 µ/ 
= 4g2 (K2 + w2) [Nme
2
2g 
K = r2 hµ 
0
i 2 m + N 
2 i 2] ae a 
T = �---n_l __ ....__w��--









B mx = 
[B 2 + B 2 ] • my mx 
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An analytical derivation, proceeding along the same 
general lines., but for rectangular rather than sinusoidal 
flux distribution, corresponding to concentrated, rather 
than distributed coils, results in an expression for torque 
which is exactly the same as Equation (2-54) if the total 
flux per pole is the same for the concentrated and for the 
· distributed windings. This is in harmony with direct cur­
rent dynamo performance which is based on total flux per
pole and is not dependent upon the flux density distribu­
tion under the pole.
Examination of Equation (2-54) indicates it has the 
form of the curve shown in Figure 2.10, for fixed ia and
ttlpr µ 
T - o (N2 i 2 + N2 i2)- m - 8g me m ae a 
I w = K 
I m�--------------------------------------speed 
Figure 2.10, Torque-Speed Curve for 
Equation (2-54) 
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The speed at which the maximum torque occurs, c.o m, was
obtained by setting��= O, solving for wm. When c.om is
substituted in the expression for torque, Equation (2-54),
maximum torque, Tm results. In general, this is on the 
order of 25-50 rev/min for a normal design induction 
motor. 
In an effort to verify this behavior, tests were run 
by this investigator on a 1 h.p., 1800 rpm, 220 volt, 
three-phase induction motor at the University of Wichita 
Electrical Engineering Laboratory in March, 1961. Since 
the complete design data on the motor was not know�, the 
form of the equation was changed to: 
where 
; 
Na/ nlp p 
K' = 2rh ; 
(2-55) 
(2-56) 
The value of a is, of course, easily determined and values 
of K and K' were calculated, based on two separate condi­
tions of im' ia' and T. Co
mplete data was then taken over
a range of values of the variables and the correlation be-
tween calculated and observed data was extremely good -
much closer than anticipated, based on the large number of 
assumptions inherent in the derivation. Certainly, the 
data was within commonly accepted engineering limits, 
K = 2gp 
r 2 hµ • 
0 
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i.e.,·· within 2 or 3 per cent of calculated values. Since
this device is not the main topic of this thesis, the ac­
tual experi:tnental results are omitted.
The above work was concluded in March, 1961 and in 
April,. 1961, an article appeared in a technical magazine 
detailing experimental work and a graphical analysis on 
this same topic conducted at the Allis Chalmers Company.,, 
Milwaukee, Wisconsin. (17). The analysis in this refer­
ence was based upon the .fact that the speed-torque charac­
teristic obtained experimentally (see Figure 2ol0) is of 
the same shape (but inverted with respect to speed) as the 
speed-torque characteristic ·or the motor operating in its 
normal mode with alternating current excitation. Their 
experimental work was conducted on a 157 h.p., 1200 rpm, 
2300 volt induction motor. This investigator selected two 
points from their data, calculated Kand K' in E�uahon 
(2-55) and then used Equation (2-55) to calculate .�ddi-
tional operating conditions. The correspondence between 
calculated and experimental values. was again excellent. 
Also, as is pointed out by Moore (17), the calculated val-
,. 
ues from the graphical ·:niethod using the regular induct�'On 
,J . 
motor speed-torque curve is excellent, but their IIt�thod 
has the inherent disadvantag.e in that it is applicable 
only for the condition where ia· = i .. and the windings arem .  
symmetrical, i.e., identical. The development by this 
investigator overcomes these limitations and also lends 




An analysis, limited in scope, was made to evaluate 
the performance of this device as a suitable load, i.e., 
constant torque, for transient studies of the type made in 
this thesis. Due to the two stator fields being coupled 
through the rotor circuit, self and mutual inductances have
· a very marked effect upon its transient behavior and it
was felt that transient phenomena within this device 1 whe:n.
used as a load, would possibly mask transient behavior to
be observed within the motor under study@ For this reason,
it was not used in the investigation. However, this does
not detract from its usefulness in applications involving,
for example, dynamic braking analysis as exemplified by
the use of direct current on the windings of three-phase
motors.
It also will. find. use in situations involving an 
·-:.±\,;.
easily adjusted variable torque load for investigations
where tb.e transient characteristic is not objectionable .• The .




For a d.c. motor, or generator, the induced voltage 
or counter electromotive force (cemf) is given by 
Fitzgerald (9). 
where: 
E = Z<ppw = K<pw2na 
Z = number of active armature inductors 
<p = flux per pole, webers 
p = number of poles 
(3-1) 
a =  number of paths in parallel through the armature 
oo = angular velocity, radians/second 
K = k_ 2na 
The electromechanical power, Pm' which is power con­
verted from electrical to mechanical form (or vice versa) 
and differs from shaft power by the amount of so called 
"rotating losses" (friction, windage, etc •. , and also some 








= armature current 
T
m




K has the same value as in Equation (3-1). 
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(3-2) 
The equations of motion describing the internal situ­
ation within the motor as well as external load are; 
E = K4>w 
<p = f( � N.r.) 






= armature circuit resistance 
V
B
= voltage drop across the brush system
L
A








~2= = 2na w 
Mna = mutual inductance due to coupling between 
the armature circuit and any arbitrary 
circuit n with current In 
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�N.I. = effect of the total magnetizing force (mmf) 1 1 
on the saturation (or B-H) curve of all 
currents with an effective ,mmf. 
Vf = shunt field voltage 
If= shunt field current 
Rf= shunt field circuit resistance 
Lf = shunt field circuit self inductance 
TL(w) = load torque, a function of speed 
Ji�= inertia torque resulting from angular 
acceleration of an inertia J, which relates 
the electrical and mechanical parameters of 
the system under study. 
Although these equations are for a machine with de-
sired excitation in one axis only, they do express the 
feature of any excitation, insofar as its effect in the 
one axis is concerned, by virtue of Equation (3-5), because 
the generalized manner of expressing Equation (3-5) pro­
vides for the nonlinearity between the flux and any con-
tributing current. 
Now, many of the defined quantities above are func­
tions of other variables. Specifically: 
vb = f 1 (w, Ia) 
LA = f2(If' Ia) 
Mna = f3(In' Ia)
cp = f 4 (In, I a)
Lf = f5(In' Ia)
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The exact manner in which each of the parameters vary 
with respect to the appropriate variables cannot be pre­
dicted with any degree of accuracy due to flux fringing 
and leakage. If empirical relationships, based on experi­
mental results, are established, mathematical relation­
ships so formidable as to be all but impossible to solve 
result. 
For this reason, analytical analysis of performance 
is made based upon neglect of some factors and linearizing 
of relationships of the remaining factors. The assumptions 
necessary for a linear analysis are: 
(1) The B-H curve of the magnetic circuit is linear.
(2) No mmf is required for the iron, i.e., it has
infinite permeability whereas the air gap has
finite permeability and the drop in magnetic po­
tential across the air gap is equal to the net
mmf.
(3) No coupling exists between the field circuit and
the armature circuit except via the shunt and
series fields.
(4) There is negligible brush shift effect, i.e.,
the brushes are centered on the magnetic neutral.
(5) Linear commutation, i.e., the current in the
commutated coil changes linearly with respect to
. 
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time and the commutator brush area of contact 
is also changing linearly with respect to time. 
(6) All inductors are active and making a positive
contribution to tp.e induced cemf.
(7) 
;, 1( 
Negligible voltage d,lt:'op across the brush system
or inclusion of this phenomena in the total
armature circuit resistance which is considered
constant.
(8) There are no closed circuits within the magnetic
structure which allow circulating currents to
manifest themselves, i.e., there are no closed.
circuits formed by fasteners and the iron struc-
ture is built up of infinitely thin laminations,
etc.
Applying the above assumptions, the equations of mo­
tion, Equations (3-3), (3-4), (3-5), and (3-6) become: 
(3-8) 
E = Kq>w (3-9) 
(3-10) 
(3-11) 
In addition, the analysis may be made for negligible 
field circuit self inductance, which is tacitly assumed 
when the field is considered constant, at full strength 
from the instant of switching. 
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Several authors have published works dealing with 
transient response of d.c. motors based on the eight pre­
viously stated assumptions and, in some cases, additional 
simplifying assumptions. In all instances known by this 
writer, the resisting torque is either inertia only or re­
stricted to a particular type only, such as varying with 
the square of the angular velocity - leaving out the iner­
tia, the damping torque and the constant component of 
torque completely. (1, 3, 4, 5, 7, 10). Even in a linear 
analysis, inclusion of the effects of flux build up in the 
shunt field leads to expressions which have not been solved 
(so far as is known by this writer). The expressions are 
nonlinear and involve transcendal expressions as coeffi­
cients. Doubtless, with persistence they can be evaluated, 
but it is doubtful if their solution contributes informa­
tion of sufficient validity to warrant the difficulty of 
solution, since the premises upon which the solutions are 
based do not appear valid. 
One of the most promising new attacks on linear anal­
ysis is presented by Koenig (2) which is based upon exper­
imentally measured couplings. However, the experimentally 
obtained values are clearly shown to be non-constant in 
nature and his analysis is described as valid only for 
small disturbances about a given equilibrium point, similar 
in scope to well-known small signal analysis techniques 
used in electronic tube circuit analysis. This is also 
the approach presented by Adkins (7). 
The analysis for several different situations are 
presented in the following pages. There are, of course, a 
large number of variations which can be investigated. A 
limited number are presented, the criteria being either to 
present situations contributing to an understanding of the 
over-all problem or an analysis which is mathematically 
feasible and is believed original with this study - the 
originality being, for the most part, concerned with the 
type of torque load considered. In the cases examined, 
the designation of no inductance reduces the study to that 
for the steady state case. 
No Series Field, No L
f
' No LA' No J
This is in effect a shunt motor (idealized) connected 
to a constant torque load and corresponds to an actual 
shunt motor subjected to disturbances occurring so slowly 




Substituting Equation (3-13) into Equation (3-12) and 
rearranging, 
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· . . .  - -. 
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<p = K' I f aIJ.d. 
and Equation (3-14) becomes 
-K2 K 12 V2
R 2·R f A
I .V f = cf
(3-14) 
(3-15) 
which will plot as a straight line on a TL v�rsus w rec­
tangular plane AA4 is the so called linear, steady state 
characteristic of a shunt motor. 
No Shu.ttt; J':i.eld, No LA, No J
This is in effect a series �otor �perating under the 
constraints detailed abov.e. Follpw.i.ng the �ame procedure 
as above:, the series motor equivai.,�nt to Equat.ion (3-15) 
can be ,hown to be: 
(3-16) 
which will plot as a b;yperbola. 
Compound ·Motor, No L.1, -No Lr, No J, No Mar
The stead;y:.state !in.ear speed-torque characteristic 
can be shown to be, again using Equations (3-8), (3-9),
(3�10), and (3-11):
V KK' v ( K, . .R ) i -K' v) ±
= Rf + K w + . a \2K" R:r . 
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A .graphic representation of Equation (3-17) is diff'i-
cult to visualize as far as e.xact form is concerned, but 
it will have the same general shape as a hyperbola except 
it will not be asymptotic to the speed axis. In other 
words, at zero torque loads a finite steady state speed 
exi.sts, much lower than the situation for the phenomena 
d,eseribed in Equatio.n ( 3-16). For. thi"S reason, a shunt 
winding, referred to as a stabi.l±.zing winding,. is often 
added;1t a series motor. 
Shunt Motor, Including J and LA_
Si:mce the e:J@·erillerl'tal portion of this the·sis deals 
a.'t some length wi·th thi.$ coni'iguration, a detailed deriva­
. tion follows. Consider .· a shunt motor with constant e.xci-
tati·on, inertia J, and a torque load consisting ,of a con­
·�-6'.aitt component as w.el.l as a <Ui>lllponent varying directly
With speed. Applying the eq�ati:ons o! motion:
(3=17) 
now 
E = K<l>w = Kw 
T = K(l)I 
m a 
or, collecting terms, 
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(3-18) 
T.he ;:;t.eady state portion of the, exp�essio·n for w can be





E = !w 
00 
V -== "'.• + I .R· · . .  _.ai • . . aa
= I I . a. 
, . I 
V = E + R.Aia + L,td.at 
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= w at t = 00 • (3-19) 
The transient portion of the expression for w can be 
found from the roots of the auxiliary equation: 
(3-20) 
The complete solution of the differential equation 
(3-18) is then: 











given by Equation (3-20), and A1, A2 are constants to be
determined from the initial conditions. For initial con­
dwditions, assume that at t = O, W= w0 and dt = O.
= 














The solution, given by Equation (3-23) can be either 
exponential or oscillatory, depending upon the sign of the 
term under the radical for the expression for m1, m2 o 
If: 
(3-24) 
the speed will oscillate with time about its steady state 
value, 00
00
• Specifically, as RA approaches zero, the cri­
teria for oscillation becomes: 
-m2[w - w J 0 00 
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(3-25) 
which harmonizes with the physical reality of the situation 
because c
2 
corresponds to the magnitude of a viscous damp­
ing term and increasing c
2 
above the fixed value of 
should eliminate oscillations. 
Another insight into the transient behavior can be 
gained by setting J = 0 in Equation (3-18). The differen-
tial equation becomes: 
(3-26) 
This differential equation has, for a solution (considering 










appears as what is commonly referred to as a "time 
constant" which is by definition the time required for ap-. 
proximately 63.2"; of the total change to be made in speed 
to occur. Since the system considered has no mechanical 
inertia, by virtue of the assumption that J = O, Equation 
(3-28) can be considered an "electrical" time constant. 
Similarly, reducing the electrical inertia, LA' to
zero in Equation (3-18) results in 
(3-29) 
which has as a solution, considering w = w0 at t = 0: 
(3-30) 
and following the same reasoning as immediately above, the 
"mechanical" time constant is: 
(3-31) 
Both the electrical and mechanical time constants 
given in Equation (3-28) and Equation (3-31) indicate both 
electrical and mechanical terms in their make-up, thus de­
creased time constants, corresponding to rapidly decaying 
transients can be accomplished by parameter changes in the 
electrical circuit as well as reduction of moment of 
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inertia in the mechanical system, for a given value of o
2
•
In Equation (3-28), dividing numerator and denomina­
tor by o
2 
indicates that any of the following will reduce 
the electrical time constant (in the limiting case con­







In Equation (3-31), dividing numerator and denomina­
tor by RA indicates that any of the following will reduce
the mechanical time constant (in the limiting case con­







Note that decreasing LA and J and increasing K has a posi­
tive effect in reducing both time constants, whereas 
changing RA and c2 has opposite effects on the two time
constants. 
Referring back to Equation (3-23), there are three 
criteria which must be met if m1, m2 
are to have negative
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values essential for disappearance of the transient compo­
nents of speed. They are: 
(3-32) 
If these criteria are not met, "negative damping" and in-
stability occur. 
To investigate torque as a function of time, using 








are as defined in Equation (3-23). 
Since neither the expression for oo versus t (Equation 
3-23) nor T versus t (Equation 3-33) can be solved explic­
itly fort and substituted back to obtain an expression 
for T versus oo, one must calculate and plot the values of 
oo and T corresponding to various times, t, and then for 
specific times, t, during the transient period, pick off 
corresponding values of T and oo. 
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Shunt Motor I:hciuding J, LA, and Torque oc w 2 
This is the same as the preceding secti9n except a 
torque component varying as the square of the speed is in­
cluded in the load torque. This detailed derivation is 
believed to be original with this author and for that rea­





. dia J d2W
dt = i dt2 
and. 
E = Xw 
Tm = XI .a
·f ' ; 
cl + Ci" + 
c3,;+-
t x x 
C2 dW 2C3CJl d.w+
yo;t+ t dt 
(3-34) 
.Equation (3-34) can be solved rather easily if the net 
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armature inductance cah be consider�! neg:lligible. As dis-
cussed earlier, with a commutating winding present, this 
is usually considered a valid assumption,. Then Equatiop. 








separating the variables and integrating e�ch side of 
.:Equation (3-35) yields: 
I�· 
dw
+ bw + c = - R J •
A 




· (b2 - 4ac
2aw + b - Vb2 - 4ac ����----�--� for b2 > 4ac
2aw + b + V b2 - 4ae 
__ 2 __ tan-1 2aw + b for b2 < 4ac •




For tne. eondi tion where b2 > 4ac, Equation (3-37) becbmes 
(with i,'! - 4ac = p2 ): 
R J dw 
A dt = -
t 
. ....,. __ _ 
w.+ b -p2a 
b + p00 + 2a
55 
(3-40) 
rr (A) = w
0 







when Mis substituted in Equation (3-40), and the result-







+ b +'p)' +
+ p) - ( 2aoo 




+ b - p)e:
ll • '."' R J
+· b .. .:.. p) e:. 
A ...
(3-42) 
If, at t = O, w 
0 
= O, Equation (3-42) reduces to 
w = 
1 - e: 
,,.: ... 
- R Je: A 
Jp + b 
(3-43) 
whe�e p, a, and b have the values assigned in Equation 
(3-36). If b2 < 4-ac, again with !>2 ;= 4ac - b2 , using 
iquation (3-39), Equation (3-37) evaluates as: 
0 M = __..;.. __ _ 
+ - - ' 






+ 2�). tan J:J
(3-44) 
·· The 'expression of Equation ( 3-43) i� . .f'Of an angular v�doc ...
ity that does not have a sustained oscillation whereas· the
angular velocity given by Equation (3""'44)·will exhibit
l 
' sustained steady state os·cillations. 
In order to obtain an expression !or torque as a func­
',-tion of time, it would be necessary t·o e":aluate ·c.u, w2 aha.
� f-or various·values of time and substitute 'in:· 
dwT = J - + c1 + c 2w + c c.u2 •m dt 3 
Shunt Motor Including Lr but With no Coupling 
Betwee·n Armature and Shunt F:t.eld 
Inert1ia Loading ·· 
The equations of motion become: 
·v==;E+-IR · a A
E = K(()w 
'P = K''I £
dif
Vr = Rr1£ + Lr dt
·T m 
·dw= K<Pia = J dt 







pw0 - 2( c + boo ) tan 2RPtJ . . o A 
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Also, from Equation (3-50): 
(3-52) 
(3-53) 
Substituting Equations (3-47), (3-52), and (3-53) in­
to Equation (3-46) yields: 
(3-54) 
Recognizing that, from Equation ( 3-48) and Equation ( 3-51): 
.and 
Rft 
K'V - L 

































d2w d<P dw 
J (p-dt - dt dt 
= K <.p2 -
E 
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KK' Vf ( 
+ R 1 -f 
(3-57) 
Obviously, Equation (3-57) is an extremely difficult 
expression to cope with analytically. Also, it is, in 
reality, not realistic because coupling actually will 
manifest itself between the field and armature circuit. 
If the effect of the coupling is included, prospects of a 
solution are even more dismal. 
The various analyses and discussion presented above 
do not purport to include all combinations possible. How-
ever, they do present a cross-section of the over-all 
problem and point up the necessity for an empirical ap-
preach based on observations of instantaneous torque-speed 
characteristics of various d.c. machines. 
CHAPTER IV 
ANALYSIS OF.FACTORS-OFTEN IGNORED 
IN LINEAR ANALYSTS 
Introduction 
In Chapter III, methods of analysis are prese,nte�t 
based on various simplifying assumptions. These, S,implt.f:y .... 
ing assumptions lead to expressions which are usef.ul inso­
far as the insight they provide, but. they also can: le.ad.. to 
· ,e.rr--0neous and misleading results. In this portion. of the
thesis, the effects of some of t}::te f.ac:tors elimin.at.ed_ by
the assumptions are examined. NOt only will. this exami.na .... 
tion be helpful in forming engineering judgment; to. e.v;all;l-­
ate s-0 called linear analysis of. t1::te machines, but it will 
als:0 ilidicate to a designer the areas of the._ des,:i:.gn where 
transient response can be improved by exercising prudence 
in the design. 
Topics to be discussed in this chapter incl-ude_: 
A. Switching Saturated :D.C. Circuits.
B. Eddy Current Formation in the Magnetic
Circuit.





D. Coupling Between Field and Armature Circuit
due to Brush Shift.
E. Commutating Field Time Lag.
F. Armature Circuit Potential Drop due to
Carbon Brushes.
G. Induced Cu�rents in Closed Conducting
Circuits.
H. Effect of the Above Factors on Linear
Analysis Results.
A. Switching Saturat;ed D.C. Circuits
In order to evaluate the effects of magnetic satura­
tion in the magnetic material comprising the magnetic 
circuit of the motor, consider the equivalent circuit of 
the shunt field of a d.c. motor with no armature to field 




Figure 4.1. Shunt Field Equivalent Circuit 
R 
V 
eL = N d <p 
dt 
Applying Kirchoff's Law to the closed loop after the 







V - iR __ N dcp = N d<P didt di dt 
lumped circuit resistance 
impressed step voltage 
resulting current 
number of turns (effective) 





If the B-H curve is linear (as is considered in the 
linear analysis), N � is a constant for a given configu­
ration and is termed the self inductance, L, in henrys. 
If L is constant, the current can be expressed as a func-
tion of time in accordance with the well-known solution to 









v i at t 00 = R = = • 
In actuality, with a finite air gap and a ferromag­
netic core material driven to values of flux density near 
saturation, the B-H curve is not linear. Designating 
dB 
dH by µ, where µ is the permeability, examination of the
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B-H curve for a ferromagnetic material indicates a trend
toward decreasingµ with increasing H. For a specific 
configuration, the following relationship can be derived: 
where; 
Ll N2 ll;A = mz or L = 1 (4-3) 
6� is the incremental change in flux (for an incre­
mental change in current 6i) in a magnetic circuit 
of effective cross sectional area, A, and length, 
1. 
lf µ decreases because of saturation, L decreases 
also with current growth, resulting in an i versus t rela-
tionship with a quicker time of response than is obtained 
with a constantµ and L. 
In order to evaluate time of response based on actual 
B-H relationships rather than on a linear approximation,
the actual curve can be represented by the empirical rela­





D and Gare constants of the core material. 
(4-4) 
Even in a complex (relatively) magnetic structure, 
such as is found in a d.c. machine where the structure is 
,_, 
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composed of air gaps, pole structures, frame, yoke, etc., 
the different cross-sectional areas, lengths and permeabil-
ities combine in some unique fashion to have a resultant 
� versus Ni characteristic. On this basis, it is more en-
lightening from an analytical standpoint to express Equa­




Q + iN 
(4-5) 
D and Gare different constants than D and G and are 
unique for the specific configuration of the core struc­






V - Ri 
Equation (4-1) becomes: 
GD di 
= c: + i)2 dt .
(4-6) 
Separating the variables and expanding G 
GD 
( N + i) 
2 ( V - Ri)
by the method of partial fractions, gives: 
dt = [v - Ri 
K2 .K+ + 3 ]di<i + i) (� + i)2 
(4-7) 
where K1, K2, and K3 are determined by equating coeffi­
cients of i in the equation: 
(4-8) 
Solution of Equation (4-8) results in three equations 




RG 2 ' K3 
_g (V RG) ·- R + T · (4-9)(V + y) 
.. 
Integrating each side of Equation (4-7),
K 
t = _� -f ln (V - Ri) + K2 ln (i + i) -. K3(s; �- �- + l1
(4-10) 
where: 
Mis the constant of integration which can be evalu­
ated for any switching condition by consideration of the 
appropriate initial conditions. In this thesis, the ini­
tial condition of i = 0 at t = 0 will· be examined. 
Kl· · G � 0 = - R ln V + K2 ln N - G + M •
i"N . . . 
(4-11) 
Subtracting Equation (4-11) from Equation (4-10), 
Kl V 1N + i K3
i . 
t = 1f ln V _ Ri + K2 ln . �N . .. � Gjw(G;N .. + i} • 
(�-12)
· Using the values of K1 and K3 from Equation (4-9),
and noting �- = Is, the steaa; 'state current,. results in:
K • ..2




i - r·s 
(4-13) 
�-·· 
K Is ) . 2(-- + 1 1 'fN . 
t (G/N + l) 




RG 2 • (V + y) 
Refer to the q> versus Ni curve for a specific mate-
rial and configuration. Flux per pole and Is are usually 
constrained values, i.e., they are design constants, usu-
ally operated at their maximum values. This fact, along 
with the design voltage, V (in this case the voltage 
across each pole winding), can be utilized to reduce Equa­









gt = e; 
V(CyN + i)
where q>m = maximum. 




CG;N + Is) 
Is 
G<4> m 






Although Equation (4-15) cannot be solved explicitly 
for i, the form is of a nature which lends itself to cal­
i culation of time, t, in terms of Is 
for various N and G
and a fixed q>m and Is.
Equation (4-15) is of extreme usefulness to an an.a-




configuration. It has a more limited utility when used 
during the design stage to select a core material for min­
imum time of response. This limitation is due to the fact 
that the <P versus Ni relationship is unique for a given 
material and configuration. Since the air gap of the ma­
chine is a portion of the magnetic circuit, the relation­
ship is determined not only by the permeability of the 
iron, but also by the proportion of the total excitation 
necessarr to overcome the drop in magnetic potential across 
the air gap. The designer works from the B-H curve of the 
material. If a preponderance of the total excitation is 
utilized for the air gap, changing the permeability of the 
iron core will not appreciably alter th� slope of the <P 
versus Ni curve. The only sure way to evaluate the effect 
of various core materials is to actually calculate the <P 
versus Ni characteristic using the different materials and 
then evaluate i as a function of t. However, trends in 
the effect upon time of response by different materials 
can be examined. To do this, consider that 
d<P GD 
di = N ( G;N + i) 
(based on Frohlich's Equation). 
At i 
= 
o, �{ reduces to D. �{ is related to the ini­
tial permeability of the core material. Actually, D, as 
defined in Equation (4-4), is the initial permeability 
(within the limits of accuracy imposed by the curve fit­
ting process in determining D and G). The exact 
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relationship between D and the initial permeability is de­
termined by the factors enumerated above. In general, an 
increase in permeability results in an increase in D. 
Using Equation (4-14) and Equation (4-15), the t versus i 
relationship can be expressed in terms of D, rather than 
G. Thus:
N"cn 2 
i,.. m tI - ( I - i) <P�s s m 
(D -<Pm)(I - i) 
(4-16) 
Numerical evaluation of this equation for changes in 
permeability (proportional to D) and N will indicate the 
effect of variation in these parameters on time of 
response. 
A-1. Sample Calculation - Determination of Actual
Response Time 
Assume a d.c. shunt motor with open circuit charac-
teristic obtained by the conventional methods and shown in 
Figure 4.2 by the dotted line, and the following design 
details: 
Shunt field turns per pole = 1,000 
Number of inductors = 332 
Wave wound, 4-pole 
Rated Voltage, 250 volts 
8
t = V[DI - (I _ i)'°] E S S ym 
































































































































































































'8 ~ 0 C r Volts 
C. 
' Flux web rs 
' 







Rated Speed, 1800 rpm 
Resistance per field pole, 12.5 ohms (poles connected 
in series) 
60 x 2 x 200 
(J)m = 332xl800x4 - 0.0
1 webers.
Imposing this value of flux on the ordinate at 200 
volts enables the (J) versus Ni characteristic (actual) to 
be represented by Frohlich's Equation: 
(J) = 0.0125 webers m I -
250 = 5 amps.s - 4 x 12.5 
Also, at (J)= 0.005 webers i = 0.95 amperes. 
Using these two values and N = 1000, the constants of 
Frohlich 1 s Equation are determined as: 
D = 0.019 G = 2700. 




°19 � and is also plotted on Figure 4.2.
• + 1 
In utilizing Frohlich's Equation, care must be taken 
to insure correspondence between actual and empirical 
curve at the (J)m point and at a lower value of (J) to insure
correct permeability over the linear region of the 
characteristic. 
Values of i, such that O < i < o.95rs' were chosen 
and times, t, calculated. From the linear portion of the 
characteristic, a value of inductance determined as: 








0.0052 = 5•2 henrys, 
was combined with R = 12. 5 ohms and used in Equation ( 4-2). 
Values for both the "linear" and actual situation are tab-
ulated in Table IV-I and plotted in Figure 4.3. The dif­
ference between apparent tiilie of response (based on a 
linearized version) and actual time is obvious from in-
spection of Figure 4.3. The magnitude of the discrepan­
cies is also tabulated in Table IV-I. 
TABLE IV-I 
CURRENT VERSUS TIME - TYPICAL NONLINEAR RESPONSE 
--
Current Actual Time " Linear " Time Difference % Error 
1.0 0.089 0.0925 0.0035 3.9% 
2.0 0.157 0.213 0.056 35.5% 
3.0 0.223 0.380 0.157 70.3% 
4.0 0.297 0.668 0.371 125.0% 
4.5 0.354 0.958 0.604 171.0% 
4.75 0.408 1.242 0.834 204.0% 
Since the departure, or noncorrespondence, becomes 
more pronounced with the passage of time, it appears rea­
sonable to define an apparent field inductance based, not 
on one time constant, T = L/R, but rather based on a peri-
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inductance calculated from the initial permeability. In a 
linear inductance circuit of 5.2 henrys, 5 amperes steady­
state current, the actual current would be approximate.ly 
4.32 amperes after a period of time of 2 time constants. 
The circuit used in this example reaches this current lev­
el in 0.34 seconds and would, thus, have an "apparent" in­
ductance of: 
L 
- 0 • 34 x 12. 2 -- 2 - 2.12 henrys.
An effort was made to determine the effect of D, G, 
and N on time of response. Initially, it was hoped that 
it would be possible to correlate variations of G, D, and 
N (due to different core materials and configurations) in 
such a fashion as to enable one to foresee the effect upon 
time of response for .the variations without actually car­
rying out the calculation of i versus t for each of sever­
al possible combinations of material and configuration. 
The aid of an IBM 1620 computer and its associated Gotran 
program processor was utilized in this investigation and 
was a tremendous time saver in the data evaluation. A 
number of variations of parameter combinations were exam­
ined, but most were found lacking in results suitable for 
clear conclusions. Useful variations examined and obser­
vations made are detailed below with graphic visualization 
presented in Figures 4.4 through 4.10. Although the ··sp.e-
cific numbers used in calculating these curves are not 
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:; : \·, .. , , I ·. I . ..U. . , �- •1 · ' • ...i ,.1 i 1 · import�w .�, per se, tney have bee:n :Pt:rl;;<?,i;ne:Q. o:Q. t�e e;rap:tti-
cal pre$�Jt�tion bec�use Qf tp.ei;l;' ��la:f-qln�Sf? in e. �el�tlitr� 
fa.Shi bn ·, i:1. .· ... 
Datl:il. Plfltt�d: ... . 
Flg-tirli 4.4. Flu� verpus. e�ci ti:ng gurre�t for 
fixed N, vari<;>us G/D :for several 
values of G. 
Fi�ure 4.5. Flux versi;is excitip.g curr�nt f'e� 
fixed N, variou� G/D for several 
values of D.
Figure 4 .. 6. i/Is versus time ;fJ#q-r verious G/D, 
,fixeq. N and.two diff13rent values 
of G. 
Several observations were made concerning ini t.ial permea-
bility, excitation requirements., and time of response: 
(a) Initial J?ermeabili ty � µi, increases with
decr�asing values of G/D for fixed values 
of G or D: 
µ. incre�es with increasing values 
1 
of D for fixed values of ,G. 
µ1 increases with fixed values of G/D
and increasing values o! G or D. 
µi increases with decreasing G/D and 
fixed values of D. 
(b) Exciting Current:
Tne larger the value of G/D, for a 
fixed G or D, the larger the excitation 
current for a given flux. 
Ol 
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�� ........................................................... ""1'""1'..,..,..,,......,...,..,..,....,. ............... ...,..,..,.....,......,. ............... ..,......,.....,,........ ............... ...,...,.. ................. ........ 















,�1 ... 7., -· 
. . , 
8.·,
-,oN:-;?.i; ·1'T . 
_u __ LLLLL 
:;� = 1.5 
IT = ).'7 r:; 
.I_ 
J =· 1 
I I 
O o 0.1 0.2 o.� o�4 0.5 o.6 0.7 .. o.8 · 0.9 i�o · i.1 1.2 1b 1.4
Current,: amperes 
Figure 4.4. Effect of G/DN on lli fo� Various G
o.o3l:f::tt+FB±1=t+R=atftj~~~~~~~~~~~~~~~~i 0 e 02 :ti:1++-17f±m=R,+~,, II 
0.02 ...... 




.-i , q.�8I  .... GIDN::::i-:i .1 "" 
0.03 









,, ..... ,_ 




2.5 ,20.8 25.1 
i::;_ •. ' 12.c:; 1 ·r.J., 
- I 




























- -- - -
-- -- GJDN=46.-;, - --
-- -- I I 1,-tt"' 
0.01 
- -- ,. 
- I ,,. - - _LJ_J J. LL 
- D = 0.08 
o o 0.1 0.2 0.3 o.4 0.5 o.6 0.7 o.8 0.9 1.0 1.1 1.2 1.3 1.4
Current, amperes 
Figure 4.5. Effect of G/DN on µi 














-1 .::. ... -... I I - I 
_1J 1.L 
Y' 
I, --,_ - -
~ 




r 1 I 
~ - I I I 
IJ I I 
o. 03 ' - ) 
I-' 
..... - I ,~ 
I 
I ,., - ,' I 
·1 r '--' I, ,_ 
,' I I I 
,/ I I 
I - - _ _j_ L ..... ' - I 




















G" � = o. ':l 
0.5 o.6 0.7 
Time, seconds 
Figure 4.6. i/l88 
Versus t for Various G/DN 
76 
_[ _[ I I _I I I 
_[ _[ I I_! I I 













I _L r C ,Lu . -,-~I I/ I 
I 
I/ IL I -
~ -: 









(c) Time of Response:
Data Plotted: 
For a fixed G, time of response to a 
given value of flux decreases with 
increasing G/D. 
For a fixed G/D, time of response to 
a given value of flux decreases with 
decreasing G. 
Figure 4.7. Flux versus exciting current for 
fixed� , I , various fixed valuesm s 
of D and variable G/N. 
Figure 4.8. Flux versus exciting current for 
fixed �
m
' Is' various fixed values
of G/N and variable D. 





' variable D, and 
variable G/N. 
Figure4.10. i versus time for various N and D. 
In Figures 4.7� 4.8, 4.9, and 4.10, the same circuit 
conditions as in the numerical example prevailed, i.e., 
�
m 
= 0.0125 webers, Is = 5 amperes. Observations made, in
some cases, parallel the observations made in connection 
with Figures 4.4, 4.5, and 4.6. 
(a) Initial Permeability:
µ. increases with increasing D and 
l 
fixed G/N. 
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1 D = 0.015 G/N= 1 
2 D"' 0.02 G/N= 3 
D"" 0.025 G/N= 5 
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When both D and G/N are varying, the 
change in µ
i 
depends on the relative 
magnitudes of G/N and D. For the 
values used in Figure 4.9, µiincreases
with decreasing G/N and D decreasing 
as well. 
(b) Time of Response:
The time of response is much more af­
fected by the number of turns than by 
changes in D or G/N. However, for a 
given number of turns, the shortest 
time to reach steady state current (or 
very nearly) is obtained using mate­
rial with the highest initial 
permeability. 
A-2. Summary of G, D Variations
Data presented in Figures 4.7, 4.8, 4.9 and 4.10 ap­
pears to be the most realistic method of examination of 
core material and configuration possibilities because the 
designer is usually confronted with the necessity of se­
curing some fixed value of flux and has a restraint on the 
maximum excitation current at his disposal. From the data, 
the minimum time to reach nearly steady state current is 
obtained by using a material with the highest initial per­
meability obtainable. Also, in general, quickest response 
will be obtained by utilizing the largest possible exciting 
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current (affording usage of a minimum number of turns). 
Changing the number of turns affects time of response in a 
nonlinear circuit exactly as it does in a circuit with a 
linear B-H characteristic (and constant inductance with 
respect to current). From Equation (4=3)� the linear in­
ductance varies as the square of the number of turns. 
Thus� doubling the number of turns w9uld require the time 
for current build up to approximately 63% of its ultimate 
value to increase by a factor of 4. For the nonlinear 
circuit examined here� the time for build up to D.63 x 5 =
3.16 amperes with 500 turns is 0.115 seconds. Using the 
same value of D and G j but going to 1000 turns� reducing 
Is to 2.5 amperes� requires 0.46 seconds for the current
build up to 0.63x2.5 = 1.58 ampereso 
The Gotran Program for data evaluation of i versus t 
utilizing the IBM 1620 computer is enclosed in Appendix A. 
B. Eddy Currents in the Iron Core
When the flux attempts to change with time in a con­
ducting media� a voltage is induced and currents tend to 
flow. In iron structures subjected to alternating magnet­
ic fields� these currents may be responsible for an elec­
trical loss� termed eddy current loss, due to the conver­
sion of electrical energy to heat energy = commonly called 
i2 R type losso For this reason, an iron structure which 
will contain a time varying field is usually built up of 
thin laminations insultated from each other. Physically, 
,. . 
this reduces eddy current loss because the currents are 
confined to small eddies and, as the length of the eddy 
path is reduced to zero, the resistance approaches zero 
and, consequently, the eddy current loss is decreased. 
This state of the art is well developed and well 
documented. 
Many d.c. machines have solid iron structures for 
frame, yoke, and pole pieces although most armatures are 
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built up of laminations in order to decrease the eddy cur­
rent loss arising as a result of local variations of flux 
in the air gap due to teeth and slots. During switching, 
or other transient phenomena, if the flux attempts to 
change, eddy currents result and these in turn establish a 
short duration magnetic field superimposed upon the field 
due to other causes. For years, there has been specula-
tion as to the effect these short duration fields actually 
exert. In this thesis, an effort has been made to evalu-
ate this phenomena. 
The most straight forward derivation of the describing 
















v . D = a (4-19) 
v . B = 0 (4-20) 
= 
where: 
E = Electrical Permittivity 
E 1;; et:c:Lc t':i.cJ1c1 inte11r3:Lt:y 1.n volts/meter 
v = Mathematical operator del 
X = Vector or cross product 
H = Magnetizing force in ampere turns/meter 
J = Current density, amperes/meter2
aD
at = Displacement current
D = Electric flux density 1 coulombs/meter2
a =  Charge density 1 coulombs/meter' 
B = Magnetic flux density, webers/meter2
P = Resistivity, ohm-meters. 
For a material classified as a conductor, 
where 
aD 
at « J • Also� J 
E = p and B = µH
µ = Magnetic permeability, 
Therefore� from Equation (4-18) and (4-21): 
1 E
µ 
(VXB) = p .
Using Equation (4-22) in Equation (4-17): 
E cvxvxB) aB 





Now, VXVXB = v(v O B) - (V 0 V)B (4-24) 
which is a fundamental identity in vector analysis. From 
le 
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Equation (4-20), V • B = O. Combining Equation (4-24) and
Equation (4-23)� results in: 
(4-25) 
A derivation leading to the same general result, but 
which gives a better physical picture of events, follows 
from events shown in Figure 4ollo 
z 
ds 
Figure 4oll. Electric and Magnetic Field Relationships 
Consider a magnetic field j Bz
' passing normal to a 




= P at · 
- - -- - - -7 
of area through which Bz passes as dxdy. Then: 
where: 
<Pis magnetic flux through area dxdy. 
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If <P varies with respect to time� electric voltages 
are induced along the x and y axis. By Faraday 0 s Law and 
the definition of electric field intensityg 
jE O ds = 









This is electromagnetic induction in differential 
form giving the relationship between flux density and 
electric field strength. 
For a circuit comprised of iron and air� such as the 
magnetic circuit of a motor: 
where µ < µ < µ . o iron (4=30) 
(4-26) 
/E · ds 
(3 - ~Ex) = - oBZ ax oy at 0 
88 
From Equation (4-29)� currents will flow as a result 
oB 
of induced voltages (from 1;) in the x and y directions.
Designate the currents as Ix and Iy.
Consider the integral form of the vector expression 
of Equation (4-18) and refer to Figures 4.12 and 4.13. 
f H O ds =I. (4-31) 
B = 0 x
Figure 4.12. Eddy Current 
Formation 1 Iy
oB 
z B + -dy 
z oy 
l--dy --f




Figure 4.13. Eddy Current 
Formationi Ix
The eddy current circulates in an elemental element 
and forms a 1 turn coil as shown for I and I in Figuresx y 
4.12 and 4.13. The current densities� Jx and Jy 
are�
I I 
J x J _J_= 1. dy ; y lidx1 
or I x = J 1. dy;X 1 I ;:::: y 







' using Equations (4-31) and (4-32): 
and 
Similarly, for Ix:












Using the values from Equation (4-37) in Equation 
(4-29), gives: 
(4-38) 
IRz • ds 
PJY = ,E y 
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which is mathematically equivalent to: 
(4-39) 
whi�h is the same as Equation (4-25). 
The solution to the partial differential equation 
[Equation (4-39)] must, of course 9 be compatible with the 
initial condition imposed by the physical situation. The 
solution in this thesis is for the condition of zero flux 
at time t = O, in the cross-section of core shown in 










I_. a - --·I 
Figure 4.14. Core Cross Section 
The Fourier Series for the rectangular wave shown in 




















Equation (4-40) is valid for any y and is everywhere 
b bzero for= 2 < y < 2 . If bis considered as the core di-
mension and a similar expression is written for the other 
core dimension j a� an express�on is produced in terms of x 
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n2 1t2 µanxNow, if ""ar"""' = --;s--
m2 1t2 _�and -,;r - p 
(4-42) 





then Equ�tion (4-42) satisfies Equation (4-39) and Equa­
tion ( 4-42) is a solution satisfying the mathemati.cal and 
B -0 
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physical situation� i.e. 9 flux everywhere within the core 
is zero at t = O. Physically j the field actions in x and
y are independento There are a large number of fluxes 9
� . .  associated with the changing field (where m 9 n is any m 9 n 
combination of odd integers). The distribution of the 
field within the core after switching is the sum. of a se­
ries of fluxes, each of which is cosinely distributed with 
respect to x and y. The amplitudes of the individual flux 
waves decrease inversely with increasing m�no The flux 
waves decay proportional to the square of n 9 m� as can be 
seen from Equation (4=46). 
The effect of the individual flux waves will be in-
vestigated by determining flux magnitudes� their rate of 
change with time and their resulting effect as viewed from 
a winding attempting to establish a magnetic field in the 
iron coreo 
If the magnetic field of Equation (4=42) links on N 
turn winding 1 a voltage will be,i.nduced in that winding. 
It is determined from: 
e =ff N oB at dx dy o (4=47) 
Since B 9 which is a function of x 9 y� t is continuous 
d h t, d . t' oB th' b d an as a con inous eriva ive at 9 is can e expresse 
as: 
e = (4-48) 
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where� is flux, given by: 
(4-49) 
The flux corresponding to a given n�m is determined 
from 
t m-1-ex -
+ e; my (-1) n cos m�y]dx dy 
when this double integral is evaluated� it yields 
m-1
=cxmyt !-1) 2 m J + e; � m2 n; 2ab sin 2rc "
n-1
Now (-1) 2 sin n2rc
m-1





where �s is steady state flux� Equation ( 4-51) becomes: 
( -cxnx t -cx
my 
t 
g n2 + g rr} ) J (4-54) 
'P = JJ B dx dy , 
y X 
and defining B ab = (!) 3 
0 S 
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and the corresponding voltage, em n induced in the N turn 
. ' 
coil linked by this changing flux is: 








J+ m2 • (4-55)
Now, consider that the coil of N turns has an inductance L, 
resistance R, and provides the excitation winding for a 
core material with dimension ab. The magnetic circuit 
permeability is P., the iron has a resistivity P and the 
coil is to be energized from a step voltage source, Jo
Ncp 
L - ....:......@.- I =
Ncp R s (4-56) 
for constant permeability material. Applying Kirchoff's 
Potential,Law to the coil, 
Ldi oo 
V = Ri + dt + E e •m ,n = 1, 3 • • � ,n (4-57) 
The voltages em
,
n are voltages appear:i,.ng in the N
turn coil as a result ·of eddy currents in the iron core. 
Using Equations (4-55), (4-56), and the values for cx.nx ' ex.my
in Equation (4-57) yield: 
Ldi 4LVP oo 






+ __ c:__ b,,....2--
(4-58) 
e m,n 
Applying Laplace Transformation techniques (init:Lal 
conditions zero) to Equation (4-58) results in: 
v � = 
.s 
4�P 1 1 (R + sL)I(S) + 1fµ Ea2 Cs + o.nx) + b2 (s + a.my)
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(4-59) 
Solving for I(S) yields: 
V
[ 
1 4P · 00 1 I(S) = R .
(1 
. is' - µ n, m=El,3 ••• Ra2tx.nx(l ·§....·. ·\.!-.·Ls .. )
+ 
+ R'J , \ + �/\l+ y 
+ Rb' a
my (1 + 
:
:;
) (1 + ¥) J
Transforming back to the time domain and rearranging 
results in: 
Rt t Rt -a
- L 









This may be compared with the equation for current in 
97 
an Rand L circuit with the same driving voltage and no 
eddy current phenomena present� ioeo� 
i(t) . = � (1 
Rt 
-L
- E ) • (4-64) 
It is difficult to generalize on the influence of P� 
µ and core dimension i� Equation (4-61) because of the 
presence of n and m, which take on all odd integer values 
from 1 to However, noting that 1 and -1- are timeoo. 
cx.nx ex.my 
constants corresponding to an iron core where.as i is the 
time constant of a wound winding� it is a perfectly valid 
assumption that� 
1 L 
« .R 9· cx.nx
1 « L and ex. » R 9 ex.
my 
R nx L 
Rex. » -Lmy (4=65) 
which enables simplification of Equation (4-6l)o Thus� 
using values of cx.nx� ex.my�
i(t) 







At time t = O� the terms inside the summation sign 
add to zero. As time passes� the terms involving E to a 
power determined by P, n� m, µ� a� b decay faster than the 
Rt 




constant than does the field. This causes the terms in-
side the summation sign to always be positive which is a 
characterist.ic of t};le physical system� i.e. � the eddy cur-
Rt
rents retard field current build up. Since E-at and E-�-y;-
are opposite in sign 1 the faster the decay of s=at� the
larger the magnitude of eddy current effect. This is il= 













Figure 4.160 Eddy Current Time Constants 
Increasing a causes s=at decay quicker� resulting in 
greater retardation of current build up in the exci�ation 
coil. Since� 
a,nx = (4=67) 
-
Rt 





// = 1 =CX.t 





and�- become smaller as Pis decreased andµ is in­
my 
creased for a fixed core dimensiono This variation of 
parameter effect is opposite to the variation one would 
expect without complete analysiso 
At this point 1 the effect of laminating the iron can 
be investigatedo As can be seen from the above equations� 
the length of the magnetic path is not a factor in the re-
lationship between current and time� whereas� in an eddy 
current loss·calculation� it is found that the power loss 
due to eddy currents is proportional to magnetic circuit 
length insofar as the length contributes to the total vol-
ume of iron in which the loss occurso Laminating the iron 
does affect the eddy current losses in a magnetic coreo 
The loss decreases as lamination thickness is reducedo 
Consider a core made up of M laminations j each b 
units in width and a units in thicknesso Neglecting the 
stacking factor� the over-all dimensions of the core would 
be abM square units of lengtho If �sis the steady state
flux linking the core, the flux of harmonic m�n linking 
each lamination will be given by Equation (4-54) if the 
dimensions of the lamination are used rather than the over-
all core dimensionso However j the steady state flux s






and Equation (4-54) becomes� 
(4-69) 




Neglecting leakage 1 all of <p n links the main coil of Nm� 
turns and since <p varies with respect to time� it in=m�n 
duces a voltage in the coilo It is: 
Since there are l"l identical laminatio.ns contributing to 
this effect in the main winding i the total induced voltage 
in the main winding due to all laminations will be l"l times 
the value given in Equation (4=70) which is identical to 
Equation (4=55)o Thus i laminating the core has no influ-
ence on eddy current retardation of excitation coil cur-
rento The only change in the use of Equation (4=62) for 
laminated structure is that a and b refer to lamination 
dimension rather than over-all core dimensionso 
Experimental verification of this specific phenomena 
in a machine is not feasible because of the problem of 
isolating the affect of core eddy currents from the effect 
of circulating currents as a result of induced voltages in 
other closed conducting circuits such as are formed by 
physical methods used as fastener circuits� armature turns 
closed upon themselves via brush and commutator paths� 
etc. In Section G of this chapter� experimental evidence 
of the existence of this phenomena will be presented in 
101 
conjunction with the discussion on the effects of the cir-
culating currents referred to above. 
The magnetic structure of a direct current machine is 
so complex that a precise analysis of the eddy current 
phenomena would be all but impossibleo The utility of a 
derived expression� such as Equation (4-61)� lies in the 
presentation of the part played by the various parameters 
in this phenomena� and steps that can be taken to minimize 
the manifestation of eddy currentso 
The only reference to this phenomena found in the 
literature is a brief mention by Rudenberg (8) concerning 
the decay of flux of an electromagnet after the main coil 
is de-energized� and is for a much more easily evaluated 
boundary conditiono It is felt that the original deriva-
tion presented here evaluates one of the most significant 
factors in the transient performance of direct current ma­
chines and should be of value to analysts and designers in 
improving the performance of direct current machines dur-
ing transient conditionso 
C. Demagnetizing Effect of Armature Ml"lF
('0 Armature Reaction")
To outline the problem� consider a developed simple 
d.c. machine as shown in Figure 4.17 1 recalling that in­
duced voltage and flux are independent of flux density 
dist�ibutio�s,being affected only by magnitude of total 
flux. (9). 
Field 










Figure 4.17. Elementary D.C. Machine = Developed Air Gap 
The armature mmf, as will be demonstrated below� is 
triangular insofar as space distribution is concerned. 
Under one=half of the pole face� the mmf is in the same 
direction as the field mm.f and under the other half of the 
pole face it opposes the mm.f. The B-H characteristic is 
not linear for ferromagnetic materials 9 i.eo� B does not 
increase at the s�me rate as does H for increasing values 
of H. Therefore 9 the increase in flux density under one 
pole tip is not as great_as the decrease under the other. 
When the flux density is then integrated over the entire 
pole face 1 the net flux: is less when the armature mmf is 
present than when no armature mmf exists. Thus 9 events in 
_ - --- -- - ____ Armature 7mf' 
_J--' -- - --- ----
---- -
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the armature do affect phenomena in the field circuit and 
there exists armature to field coupling which cannot be 
expressed by some simple number as can mutual inductance. 
Up to the present time� no analytical method of pre­
dicting the effect of armature reaction has been available 
to the machine designer. The only method of establishing 
the magnitude of the demagnetizing effect present in any 
machine has been to build a machine and experimentally de­
termine the field ampere turns necessary to compensate for 
the armature reaction. (9). This investigator has devised 
an analytical approach based on only the assumption that 
the permeability of the magnetic material is so large com­
pared to that of the air gap that it may be considered in­
finite. Since the relative permeability of the iron used 
extensively today is on the order of 100-10�000� this as­
sumption appears warranted and will not lead to invalid 
results unless the machine is designed to operate in the 
completely saturated portion of the magnetic characteris­
tic of the material. Also� it will be necessary to repre­
sent the B-H characteristic of the iron by Frohlich 0 s 
Equation [as presented in Equation (4=4)]. If care is 
taken to achieve complete correspondence between the val­
ues used in Frohlich 0 s Equation and the actual B-H curve� 
the analytical results will be accurate over the complete 
range of armature currents and field excitation. Since 
complete correspondence is very nearly impossible to 
achieve, because only two constants are available for 
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curve fitting in Frohlich 0 s Equation� correspondence m�st 
be achieved �n the desired operating range. 
Refer to Figure 4.189 assume the pole has the struc-




Pole span ------ --1---------, Pole 
I �I -------+--------' �------� 
� ..,..,,-� armature 
. ,{,,, I '--�fJ
/ F - /!::..___
/ -1.: "-.. 
/ 2 ............_ 
ex. = 0
Figure 4al8o Armature l".IM]' Space Relationship 
There are� inductors under each pole. Each inductor car= 
I ries a amperes,
where� 
Z is total number of inductors 
l 
J r_ LJ 
:_ I I 
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pis the number of poles 
I is the 10 armature 01 current 
a is the number of parallel paths through 
the .armature. 
Now, F = I H • dl (4-72)
(a form of Amperes Law which states that the mmf l F 'j act­
ing around a closed path is equal to the current enclosed 
by the path). If one takes a path through the iron and 
crossing the air gap at the interpole center line, the 
current enclosed is�;. Thus� the peak to peak value of 
armature mmf at the interpole locations is�;. If a path 
through the iron and crossing the air gap at the center 
line of the main field poles is taken, the net current en­
closed is zero. By following the same procedure for other 
air gap crossings '! it is seen that 
tribution in space is triangular. 
The armature mmf at oc. 1t (see = 2 
location of oc.) is the maximum value 
ZI 
2pa •. The mmf at a:n:y angle oc. is�
= Zioc. 
pan 
the armature mmf dis-
Figure 4.18 for the 
and is given by 2rr. =
(4-73) 
Now j total mmf at any point� FTj is the sum of the









= series field turns 
N
f
= shunt field turns 
I
s 
= series field current 
If 
= shunt field current.
Use of the + sign is correct since a =  0 falls at the 
center line of the field pole. Dividing Equation (4-74) 
by Nf yields:
(4-75) 
This is the mmf in equivalent shunt field amperes� F� 
which can be written: 
(4-76) 
where: 
Consider a linear B-H curve (B = KF)o For a two pole 










I + I - + 
f s Nf :pan:Nf 0 
F = 







'I'= J K(If + K1 I8 + K2fo)rlda - Krl [If + K11 8]
=X;2 (4=77) 
where rand 1 are the radius and length of the armature� 
K is a constant of proportionality� K = j"
x is pole spauo 
If there were no armature mmf 9 If+ K1I 6 would be the 
total mrnfo Therefore� the flux has the same value with 
armature mmf and a linear B-H characteristic as it would 
have if no armature mmf were presento 
Actually 9 of course� Band Fare not linearly related 
and F = f(a)o Using Frohlich 0 s Equation: 
B = FD
; 
G where D and G are constants
























[1 - G 
If+ KlisJ 
JDrlX K2XI 
ln K XI (4-82) :;:; 2 1 - 2(G + If K1Is)+ 
where \R designates the flux per pole with armature reac­
tion effects in a nonlinear magnetic circuito Now� con­
sider the flux per pole� <:p� with no armature reaction. ef­
fect ') ioeo� a linear magnetic circuit for which 
If the unsaturated permeability of the two circuits 











Now� at low saturation G » F and for the nonlinear case� 
B � Df at low F and.�= D D G'l or K ""' G o (4=84) 
Using Equations (4=77)� (4=82) ') and (4=84) ') it is now pos= 




B = KF • 
0 
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pole span in radian 
armature current 
series field current 
shunt field current 
constant from Frohlich v s Equationo 
The expression given in Equation (4-85) contains only 
terms easily ascertained from design data and leads to re­
sults. which were experimentally verified in the course of 
this investigationo It is felt by this investigator that 
the original work done in connection with this facet of 
machine analysis represents a signal contribution in this 
area which has always presented something of a mystery in­
sofar as it lending its elf to a quantitative analysis o The 
experimental work to verify the validity of Equation (4-85)
was conducted in the Oklahoma State University Electrical
Engineering Department laboratories� using a Westinghouse





The experimental procedure consisted of obtaining an 
open circuit saturation curve (in order to determine the 
constants in Frohlich u s Equation) ') an external character­
istic (armature current versus terminal voltage) of the 
machine under the same speed condition as the open circuit 
characteristic ') but with fixed shunt field excitation ') and 
armature circuit voltage drop information. 
Armature circuit voltage drop due to various armature 
currents is displayed graphically in Figure 4.19 9 and the 
open circuit characteristic obtained is presented in Figure 
4.20 (stator windings in series). The above data permitted 
calculation of the induced emf under various armature load= 
ings. The ratio of induced emf 9 E 9 for various armature 
currents as a fraction of induced emf at zero armature cur= 
rent is plotted on Figure 4.21. 
By trial and error curve fitting 9 Frohlich 0 s Equation 
form representing the open circuit characteristic was found 
to be� 
This relationship is also :p:,lotted on Figure 4. 20 o From the





B = I 
with symbols previously defined ') the actual form of 
Frohlich's Equation used was: 
500 If 
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Since the winding used for excitation in this partic­
ular machine is distributed as contrasted with the coneen-
trated winding used for excitation in a doC@ machine of 
conventional design [and for which Equation (4-85) was de­
rived], it was necessary to correct the total number of 
turns to obtain an effective value for use as N
.f
. This 
correction was made by considering Figure 4o22 with 36
coils� 1 coil per slot and 4 groups of 9 coils; each of 
the 4 poles originates by virtue of 1 group distributed 
over 21 slots. Thus� there is an overlapping of pole 
21 windings with each pole spanning 24 
n electrical radians.
By superposition, the mmf acting to establish a pole is 
built up as in Figure 4.22. If each coil carried unit 
current, the total mmf along the axis of the pole would 
be: 
1 x 21 + 1 x 19 + 1 x 17 + 1 x 15 + 1 x 13 + 1 x 11 + 1 x 9 + 1 ;x: 7 + 
1 x 5 = 117 units. 
If all 9 contributing coils were concentrated over 21 
slots and carried unit current, the total mmf would be 
9 x 21 = 189 uni ts;, Thus� the total distributed winding of 
Nf turns behaves as if it were a concentrated winding of
117 21, 
189 :x Nf turns. For the machine used, Nf = 324, X = 24 n,
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were calculated by using Equation (4-85) and are tabulated 
in Table IV-II. With constant speed� Eis directly pro-
portional to �i and the normalized value of �AR is also
the normalized value of EAR or EAR/E 
where Eis the in­
duced voltage with no armature reaction and E
AR 
is the in­
duced voltage under the condition of armature reaction 
present. The machine under test was driven at 2300rev/min 
with 2.2 amperes. excitation and the induced voltage plus 
armature circuit drop was observed. The corrected value 
of induced voltage as a ratio with the induced voltage 
under the condition of no armature reaction is also tabu=
lated in Table IV=II. The values of observed and calcu=









































It is felt that the correspondence obtained between 
calculated and observed values is, within engineering ac­
curacy, good and that Equation (4-85) can be considered as 
a tool in evaluation, at the design stage especially, of 
armature reaction effects to be encounteredo 
Do Coupling Between Field and Armature Circuit due 
to Brush Shift 
If a series field is utilized, coupling exists be-
tween the armature and field circuits via the mutual in-
ductance of the two windingso Otherwise, under the as­
sumption of the brushes being on electrical neutral and 
linearity between cause and effect in the magnetic circuit� 
no coupling does exist between armature and fieldo In 
point of fact, however, events in the armature do have an 
effect upon the field configuration, not only distortion 
of the magnetic field, but they also have a magnetizing or 
demagnetizing effect upon the main fieldo Although events 
within the two portions of the device are related, the re= 
lationship is not as straightforward and as easy to pre­
dict as is phenomena associated with mutual inductance 
couplingo The coupling may exist because of: 
(1) brushes not located on electrical neutral�
(2) the commutating field time lag (see Chapter IV�
Sub-section E),
(3) armature magnetomotive force or armature reac­
tion (see Chapter IV, Sub-section C)e
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This section will deal with analytical evaluation of 
the effect of improper brush locationo Although there are 
many references in the literature to this phenomena, they 
are of a qualitative natureo The derivation of the quan­
titative results in this section were original with this 
investigatoro 
Many machines have fixed brush locations properly lo­
cated on electrical neutralo Others have moveable brush 
riggings which may result in the brushes being shiftedfrom 
their proper position - either to accomplish sparkless 
commutation or inadvertently due to improper location or 
slippage of the riggingo 
The expression for induced voltage in a doCo machine� 
E = z6q,cf'f, presupposes all inductors making a positive con­
tribution to the voltage existing between pairs of brushes 
at all timeso Also� the torque converted from electrical 
to mechanical form or vice versa in a doCo machine� with 
the brushes on neutral is given by Fitzgerald and Kingsley 
(9, P• 183): 
T = = (4-86) 
where: 
T = torque in Newton meters 
FA = armature mmf, amperes 
p = number of poles 
q) = flux per pole, weberso 
In order to visualize events associated with brush 
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shift, consider a simple two pole machine with armature 
inductors so finely divided they may be considered to con­
stitute current sheets and that the field magnetomotive 
force is consumed in drop in magnetic potential across the 
two air gaps of length, g. The brushes are shifted a 
radians from the neutral axis. Refer to Figure 4.23. 











�igure 4.23. Brush Shift (Simple DC Machine) 
The armature inductors between a - a1 and b - b1 estab-
lish an mmf acting along the direct axis either aiding or 
opposing the mmf due to the main field winding. The in­
ductors between b 1 - a and a1 - b establish an mmf acting
along the neutral axis, or cross axis. 
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It is the interaction between the resulting flux from 
the direct axis mmf and from the cross axis :mmf that is 
responsible for the torque produced as expressed in Equa­
tion (4=86)o Equation (4=73) presents the relationship 
between armature mmf 9 FA� armature current, and the design
parameters of the machine 9 i.e.� 
with other symbols as defined previously. Combining Equa­
tions (4-87) and (4-86) yields the well known expression 





with the brushes shifted an angle a from electrical 
neutral� the no=load voltage appearing between the brushes 
is reduced 1 because there are now only en: ; a) as many in­
ductors with the same polarity voltage between brushes as 
there would be under the condition of no brush shifto In 
addition 1 there are� inductors between the brushes with 
1t 
opposite polarity induced voltage. Thus 9 the induced 
voltage with brush shift EBs is� in terms of voltage in
=






Equation (4-89) does not account for the direct axis mmf 
due to current flow. 
With current flow� the direct axis mmf resulting can 
best be visualized by referring to developed views of the 
simple machine. Refer to Figure 4.24 for the no-brush 
shift situation. 
The m.mf 1 due to the main field poles�is rectangular 
and that due to the armature is triangular with maximum 
value ffa occurring at the brush locations [refer to Equa= 
tion (4-73) for derivation of space distribution of this 
mm.f]o With zero brush shift, this armature mmf is symmet­
rically located with respect to the poles and its net ef­
fect (neglecting saturation of the iron) is zero. If the 
brushes are shifted an angle a ? there is a net effect due 
to this mmf and it either aids or opposes the main field 
mmf (depending on the direction of brush shift). This can 
be visualized by referring to Figure 4.25� in which the 
armature mmf is in the same direction as the field mmf un-
der half of the pole face and in the opposite direction 
under the half with a net effect of zero. Figure 4.26 
portrays the relationship when the brushes are shifted an 
angle a. As can be visualized� there is a net mmf (in 
this case ? demagnetizing). The effect can be determined 
by finding the average value of armature mmf� Fave� and
adding or subtracting it to the main field mmf. The arma-
ture mmf can be expressed analytically as: 
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where F is m.mf at space angle 8 � 
bis a constant. 
b can be determined when it is recognized that ate= a, 
therefore: 
F = - F a
F = 2: A 8 - FA c 1 + 2:) (4-91) 
Now, the average value of armature mmf, Fave' acting 
with or against the main field mmf is: 
Fave 
Tt + x 
= t f-2-FdS
Tt = x -2-
= F 2a ampere turns.A 1t 
Using Equation (4-87) for FA' 
F _ ( ZI�"\ (2a)- Zia •ave - 2pa"! · n: - part 
Now, if the main field mmf is given by Nfif' 









of brush shift 
with respect to armature rotation. Also, the per unit re­
duction in induced v6ltage E would be: 
n + X 
·1-2-2FA6 
1 --= X TC 
n - X -2-
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(4=95) 
Combining the two effects� reduced excitation and re= 
duced number of active inductors� gives� 
(4-96) 
The same reasoning will lead to an expression for the 
effect of brush shift upon torque produced per ampere of 
armature current under fixed field excitation. Since 
there are a reduced number of inductors for producing 
torque and the excitation is affected by the direct axis 
mmf� the torque under brush shifted conditions� TBS� is
related to the torque under no=brush shift conditions in 
the same fashion as Equation ( 4=96) � i.e.� 
(4=97) 
In order to gain perspective as to the order of mag= 
nitude involved 1 consider the following typical (of a 
large range of sizes) machine� 
N = 1000 p "" 4 a = 2 
and assume the brushes are shifted a= 10 ® : 1� radians.
If the assumed values are inserted into Equation (4=97)�
the ratio of torque� as calculated� to norm.al torque (with 
Ia z = 400, ; 1 - 30 i 
f 
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no brush shift) is 
T 
:s = Oo815 or 00962 
depending upon the direction of brush shift relative to 
the direction of rotation of the armatureo 
The situation� with respect to this analysis j is much 
the same as that concerning armature reactiono The phe­
nomena accompanying improper brush location has been long 
recognized� but the literature makes no mention of efforts 
to arrive at quantitative expressions such as Equations 
(4-96) and (4=97). 
In order to demonstrate the validity of this deriva-
tion� the Westinghouse Electric Corporation Generalized 
Machine set� with brush shifting provision� was used. The 
rotor has the following design constants� 
2 pole lap winding� a =  2 
Z = 560 inductors 
Nf = 324 (effective)o 
p = 2 
In order to minimize saturation effects� the machine was 
operated at a low value of main field excitation and driven 
at a constant speed of 2800 rpm. After determining resid­
ual voltage and no=load induced voltage� constant current 
load was maintained while shifting the brushes through 
angles up to 40° both with and against direction of rota­
tion of armature. The terminal voltage was observed and 
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residual voltage (to rbtain induced voltage due to s�unt 
field mm.f) gave the ihduced voltage due to the net mmf in 
the direct axis. This is the voltage reduced by the ef-
,, 
feet o\I.' brush shift which� of course, is also manifested 
at the machine terminals. 
Table IV-III details the calculated and observed val­
E 
ues of ss/E for a range of brush shift of ± 40
° . The re-
sults are plotted in Figure 4.27. 
It is felt that the discr�,pancies are due to inevi ta­
ble heating due to brush sparking and due to the fact that, 
although the flux density was kept low within the machine, 
nonlinearity is present� to a small degree everywhere on 
the saturation characteristic� and this·would result in 
differences from calculated values because Equation (4-95)
is derived for a linear relationship. Thus it is felt 
that the analytical work is verified by the experimental 
work. Inparticular the demagnetizing effect can be con­
trasted with the magnetizing effect present when direction 
of brush shift is reversed. 
E. Commutating Field Time Lag
Induced voltage and torque in a d.c. machine are de­
pendent upon total flux per pole and are not affected (in 
magnitude) by the actual flux density distri�µtion� unless 
the distribution is such as to interfere with the commuta-
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by local losses occur� and 1 besides being detrimental to 
the mechanical aspects of the motor� it alters the elec­
tromechanical equations written to describe the behavior 
of the machine. Commutation analysis is a function of so 
many variables 1 .including brush material� atmospheric con­
ditions� commutator surface condition 9 etc. 9 that it is a 
task of extreme difficulty to describe it quantitatively. 
Even then� with an infinite number of possible combina=
tions� the results may be meaningless in specific cases. 
Accordingly� this thesis will treat the avoidance of dif= 
ficulty rather than mathematically describing the 
difficulty. 
The commutating 9 or interpole winding lies in j and 
acts along, the cross axis. It does not participate in 
events along the main axis if it is connected with the 
proper polarity 9 has a strength proportional to armature 
current and the proper number of ampere turns. (It is� of 
course� possible to connect the winding in backwards.) 
With insufficient interpole effect 9 the commutation proc­
ess is delayed (electrically) due to the self and mutual 
inductance of the coil undergoing commutation. In a mo=
tor� vu under vo commutation results in direct axis magnetiz= 
ing effecto (9)o Thus 9 90 under 11 commutation (the current 
in the commutating coil changes less rapidly than linearly 
with respect to time) results in a magnetizing force op­
posing any demagnetizing effect due to armature mmf 9
treated in Chapter IV 9 Sub-section C. Since commutation 
occurs regularly� it is a periodic transient phenomena 
which occurs even in steady state operationo 
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Over commutation (current in the commutated coil 
changing more rapidly than linearly with respect to time) 
results in a demagnetizing effect in the main axis of the 
motor. The brushes can be shifted to aid commutation 9 but 
must be shifted in such a manner as to establish a demag­
netizing effect in the main axis (against the direction of 
rotation in a motor)o Also� as shown in Chapter IV� Sub= 
section D� this reduces the cross axis mmf and the combi= 
nation has a very adverse effect on both torque and volt= 
age relationshipso 
If interpoles 9 or a commutating winding 9 of more 
turns than necessary are installed for the purpose of aid= 
ing commutation� the proper number of ampere turns can be 
secured by diverting a portion of the armature current 
through a resistor connected in parallel with the commuta­
ting winding or by altering the magnetic circuit in the 
cross axis so as to cause the ampere turn requirement to 
coincide with the ampere turns existing with full armature 
current through the windingo From a dynamic (transient) 
operating standpoint 9 the former option will be useful if 
the sparking during transient periods can be tolerated� as 
will be demonstrated belowo 
Consider a commutating winding with total inductance� 
L� resistance� R� and shunted by a resistance 9 R1� as
shown in Figure 4.28 (R
1 
is to reduce the too many turns 
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winding to & winding of proper ampere-turn strength)o 
Fi.gure LL 28 o Com.mutating Field 
Equivalent C.ircui.t 
where the branch with Rand L represents the commutating 
field ci.rcui t and R1 represents the shunting resistoro
From Kirchoff's Law� 
d
o 
ic = L dt + Ric o (4-98)
Assume i has a value (steady) of I
0 
and that some disturb­
ance causes a step increase to ID amperes. Transforming�
by Lap�ace transforms 9 gives� 




Since I(S) � .J2 � Equation (4=96) can be arranged ands 







Thus,. t:tierE! is a transient period during whieh the 
commutating i'iella. is und�rstrength due to the delay in 
current ie. The result is under coI!llILutation with a di­
rect magnetizing effect which can, in part, compensate for 
demagnetizing ef.fects of armature mmf. 
If nonmagnetic shims are placed in the interpole mag­
netic circuit, the mmf established. by the interpole has 
the proper strength for desirable commutation" under tran­
sient or steady state conditions, because the mmf and flux 
established. by the changing armature eurrentare always of 
the proper magnitude. However, placing a resistance in 
shunt with the winding (as developed. above). is a more de­
sirable situation during any transient period such as load 
changes. Since the commutating field,during the transient 
period,is understrength, sparking will result. Thus, the 
aiding effect of.the under commutation, insofar as direct 
axis magnetizing effect is concerned, is available at the 
expense of "proper" (sparkless) commutation during the 
transient period. 
F. Armature Potential Drop due to Carbon Brushes
Various standards on testing of d.c. machines allow a
constant two-volt drop in potential through the armature 
circuit to account for the effects of the carbon brushes 
and the carbon brush-copper commutator contact film. (19).
As a standard procedure to follow in testing and specifi-
. .  
cation, this is doubtless the most expedient method of 
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dealing wi�h this variable quantity which is so difficult 
to assess with a high degree of accuracy. However� the 
literature� particularly by Saunders (18), discusses the 
non-constant drop in potential which has been observed in 
various testso The discussion section by Saunders (18) 
deals with observations made in connection with a shunt 
connected 90 hp� 250 volt� 1750 rpm motor. Within a range 
of 30% of rated current, the effective armature resistance 
was essentially constant. At 67% above and below rated 
current� the effective armature resistance had changed 
(increased) by a factor of 67% at higher speeds and by a 
factor of 30% for relatively lower speeds and the trend of 
the data indicates a 100% change (increase) in effective 
armature resistance at both zero current and at 200% rated 
current. At zero speed, or very slow speeds, effective 
armature resistance is the main factor in determining cur­
rent magnitude (and, thus� torque output of the machine). 
At near rated speeds, the current is limited by both ef­
fective armature resistance and induced rotational voltage. 
A large error in effective armature resistance introduces 
a much larger error in speed-torque calculations at low 
speeds than at near rated speeds. 
Due to the complexity introduced in mathematical 
analysis by the varying voltage drop in the armature, the 
main utility of the above information is in qualitative 
explanation of departures from theoretical performance 
derived from mathematical analysis. 
G. Induced Currents in Closed Conducting Circuits
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When a winding is switched� changes of flux linkages 
occur� and every change in flux linkages induces a voltage 
in any circuit contributing to the total flux linkageso 
The core structure itself forms a closed c9nducting cir­
cuit and eddy currents circulate throughout the coreo This 
phenomena was discussed and analyzed in Sub-section C of 
this chaptero Other closed conducting circuits are formed 
by fastener circuits used to secure laminated cores and by 
armature inductors shorted from commutator bar=to =bar by 
the brushes and 1 thus� establishing a conducting circuit 
closed upon itself. The direction of the induced eddy 
currents and the currents flowing in the other closed cir­
cuits is in such a direction as to oppose any change in 
flux linking that particular circuit. In effect� a chang= 
ing flux induces a voltage and currents flow which cause 
a field to be established which manifests itself in the 
original winding as a voltage drop 9 similar in nature to 
the voltage of self induction 9 which tends to retard the 
exciting current. In addition to delaying build up of 
field excitation current� the circulating current tends to 
demagnetize the magnetic structure by virtue of its circu=
lating current. This same phenomena exists in every closed 
circuit linked by the changing flux. This portion of the 
thesis is concerned with the effect upon time of response 
of the switched winding and the corefluxby the circulating 
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currents within the closed circuits mentioned above. 
The derivation presented here is original with this 
investigator. However� there are so many variables which 
can vary from unit to unit� such as lamination tightness, 
brush seat condition� etc.� that it is almost impossible 
to apply the results to a specific machine� or to charac­
terize the phenomena by the degree of influence it wields 
in altering predicted performance. Its usefulness lies in 
pointing out the manner in which the variables influence 
the performance� suggesting possible means of minimizing 
the effects in the design stage. 
A circuit can be formed by the lamination fastening 






Figure 4.29. Lamination Fastener Arrange­
ment (Bolted or Riveted) 
�� �-Iron laminations� � Clam� 
Figure 4o30c Lamination Fastener Arrangement 
(Clamp) 
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A multiturn closed circuit can be formed by the arma-













figure 4o3l is a conical p�6jecti6n of a two-pole machine 
with 16 slots (single layer winding)o Only the inductors 
formirlt closed circuits are shown connected in the inter­
est of clarityo The commutator bars are shown as� and 
the brushes are shown in black, b - b v o As can be seen, 
inductors 12 and 5 form a closed circuit� as'do inductors 
4 and l3o The closed circuits shown span very nearly a 
complete pole and can be considered to link all of the 
main field fluxo 
For purposes of analysis� consider a laminated mag­
netic structure with q rows of fasteners with two fasten= 
ers per row (designated an vva 00 turn) j each fastener cir­
cuit of resistance Ra and spanriing the fraction Y of the 
total width of the magnetic circuit. Under the assumption 
9-f negligible leakage flux, the fraction Y of the total 
core flux links this closed cir6uit� r closed circuits of 
Nb turns ea.ch (such as would be formed on the armature by 
the short circuiting of adjacent bars of the commutator by 
t;b.e brushes) ( designated a ov b vo winding) � which have a resis­
tance� and span the total width of the magnetic circuit; 
and a winding of N turns (designated the vun °0 winding) pro­
viding excitation for the magnetic structureo 
The self inductance of each circuit can be calculated 
from the relationship: 
(4-101) 
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Ni and, since the reluctance R is qf by definition� Equation





Then� if the self inductance of the excitation wind­
ing is Ln 9 R = r from Equation (4-102)0 The self induc=n 
tance � of each of the r full width� Nb turns windings is�
under the no leakage assumption� and since it sees the 




For the q fractional width windings� the reluctance 
as seen by these windings is larger than above and isg 
(4-104) 
since reluctance is inversely proportional to area and 
this area is only Y times as great as for full width wind-
ings o ( 0 < 'Y < 1 o O) 
and:
(4-105) 
To calculate the mutual inductances� consider that 
II 11 
each 91 a 01 turn links all other a turns j all u u b uu windings 
and the main j or n 9 windingo In addition 9 each 0 0 b 0 u wind-
ing links all other 08 b 00 windings 9 all ' 0 a 00 turns 9 and the 
L 
n N2 NT b 
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main winding 9 and the main winding links all 90 b 00 windings 
and "a II turns. Thus 9 the mutual inductances will be: 
1:1 a-a
Mb= b 
l'1n = a ' 
From considerations of 
]:'.[ a=n "" 
l'1 b=n -





l'1n = b 
1:1 b-a
Ma- n 
� M b-n 
(4=106) 
With no leakage flux 3 the mutual inductance 9 :n1 = 2 9 
between two windings with self inductances L1 and L2 
is
(4=107) 
Equation (4=107) can be used to calculate the values 
expressed in Equation (4=108). Thus� 
'Y Ln L 
Mb-b
n N2 (4-108) ·-
W'° 
:::, w b a=a 









LnNb (4=110) = ::;: 
,...... n-b N2b::;:
Ln b YLn Ln (4=111) 11a= b 
"" M 
N2 F
= wff Nb .b-a
M 
tc 
tion for each or the closed windings p� 
all "a 00 turns have the same current a:u.-.:. 
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but since
• '0 b 11 windings
the same current� it will be necessary to write only three 
equations (one for the main winding, one for an 11 a 11 turn, 
and one for a nb u winding) to solve for the three differ-
ent currentse 
Assume a step voltage of magnitude Vis impressed 
upon the main winding and that all circuits are at restt 




Using values of self and mutual inductance from above, 
transforming by the use of Laplace Transforms results in: 
v 




0 + dt = ~ 









Equations (4=115)� (4-116) j (4-117) can be solved by 





= R�Ri, V /1 + s ��: + =•�] (4-118) 
noting that y�n = La � 
� Nb
2 = � and defining �
bLa and Ra 
as the time constants� Tb and Ta� in the usual 
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(4-121) 
R + rs L N2 






', I /··. 
















s(q Ta + r T Tn]
0 +b 
(4-125) 
s(q T + r T Tn)]
0 + a b 
(4-126) 
As functions of time� Equations (4-124)� (4--125) 9 and 
( 4-126) are determined by perfo.rming the inverse Laplace 
Transformatiotl� resulting in: 
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n + T ]
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(4=127) 




q !!! a + r Tb + Tn J
(4-129) 
[1 + s(q Ta+ r Tb)] 
In(S). • I s[l + s(q Ta+ r Tb+ Tn)1 · 
1 
1 
= q Ta+ r Tb 
i,a (t) 





and denoting Tn + q Ta+ r Tb= T.
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The specific effect on the excitation circuit by the 
closed circuits and eddy current formation is to increase 
the apparent time constant of the circuit - or in other 
words, the time required for main field excitation current 
to reach a certain value is increased. The over-all ef= 
feet of importance to transient analysis is that the net 
excitation tending to establish a magnetic field is reduced 
because the transient currents in the closed conducting 
circuits have a magnetizing effect opposite to that of the 
main winding. If one considers the q circuits associated 
with La, Ra as fastener circuits and the r circuits asso­
ciated with Lb' Rb as being shorted armature inductor cir=
cuits, it is theoretically possible to determine the net 
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magnetizing force in the magnetic circuit. It should be 
noted that Rb can vary between wide limits, being a func­
tion of the 00 tightness 01 with which the core is secured, 
core dimensions� fastener resistivity and dimensions, and 
lamination insultationo Since the fastener is made up 
with relatively large cross sectional area, Rb can be
quite low, making Tb possibly on the order of magnitude of
Tn. In order to experimentally verify the analytically
predicted effects of the closed circuits discussed in this 
section, it would be necessary to account for other phe= 
nomena discussed earlier, i.e.: 
(i) the nonlinear relationships in the core
(ii) eddy currents induced in the core structure
(iii) the effect of armature reaction
(iv) the effect of changing brush contact resistance
(v) alterations in the commutating process during
the transient period.
Attempts to cope� analytically� with all of these factors 
is not feasible due mainly to the complex geometry of the 
machine. Superposition of the individual factors is not 
possible because of the nonlinearities involved. 
The influence of all these factors can be visualized 
by reference to Figures 4.32� 4.33, and 4034. 
Figure 4.32 is a plot of shunt field current as a 
function of time as actually measured when a step voltage 
of rated value was impressed on the shunt field of a motor, 
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when being driven at rated speed� and as calculated j based 
on constant shunt field inductance for this motoro Two 
features of the actual current versus time curve are of 
note� (1) The actual current is larger than the calcu= 
lated current at a specific timeo This is in agreement 
with the analysis of a nonlinear circuit presented in 
Chapter IV� Sub-section A9 (2) At time t = o� the current 
has a finite value which is in agreement with results pre= 
dieted in Equation (4-130) in this sectiono The shunt 
field current must assume this posture in order for the 
total flux linkages in the magnetic circuit to be zero at 
t = o� since both circuits a and b have finite currents 
(and flux linkages) in opposition to the main excitation 
winding at time t = o� as shown in Equations (4=131)� and 
(4-132)0 
Figure 4.33 displays open-circuit voltage at 1800 rpm 
plotted as a function of time for the same motor as de= 
tailed aboveo Three relationships are shown. They are 
the actual observed voltage� the voltage obtained from the 
open-circuit saturation curve of the motor and the calcu­
lated field current based on constant inductance and the 
voltage from the open=circuit saturation curve and the 
actual field currento As can be seen� there are discrep= 
ancies between these three curves of as much as 30% at 
some periods of time� with the actual voltage being the 
lesser value throughout the transient period. In effect 1
the voltage (and� of course j flux) are retarded in time 
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which is a result .of factors discussed in this chapter. 
Figure 4.34 is a plot of open-circuit voltage under 
static conditions j i.eo, the open-circuit saturation 
curve - as a function of shunt field current and the same 
variables under dynamic conditions. The latter was ob­
tained graphically by selecting specific ti:m.es during the 
transient period 9 obtaining ac"t;ual shunt field current and 
voltage for those times and plotting the voltage as a func­
tion of actual existing shunt field current. 
The effect of the discrepancy between actual voltage 
and voltage calculated in an analysis ignoring factors 
presented in this chapter is that at any instant of time 
during the transient period j the counter emf 9 the flux, 
and the armature current will not have the values one an-
t:tcipates. Also 9 the torque and voltage uu constants 
00 are 
not really constant and are not easily predicted. Thus� 
results calculated with assumptions previously discussed 
·.•f··,·,., ... � .... : . . , .. · 
will be in error. 
Effect of Above Factors on Linear Type Analysis 
As is apparent from Chapter III j even a linear analy= 
sis based on many simplifying assumptions can lead to 
mathematical expressions which are difficult 'l tedious and 
sometimes impossible 'l with known techniques 'l to solveo If 
the effects of the simplifying assumptions were included 
in the analysis 'l the mathematical obstacles would be even 
more formidable. Rather j it seems appropriate to examine 
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the effect of neglecting the various factors� when the 
factors are considered one at a time and then draw over­
all conclusions concerning the results of the linear 
analysis. 
The all important primary result of the phenomena 
discussed in this chapter is that the magnetic field­
armature current relationship has values other than linear 
analysis predicted values at specific times. Armature re= 
action and brush potential drop as well as brush shift ef­
fects alter the steady state as well as transient operating 
conditions. However, these alterations are such that com= 
pensation for steady state operation can be accomplished 
with inherent features of a d.c. motor i such as variation 
of shunt field and armature resistance� compensating wind= 
ings� etc. Thus� over=design and subsequent adjustment 
can be accomplished to achieve a desired steady state 
characteristic. In contrast to this mode of usage of a 
d.c. machine is the inclusion of a d.c. motor in a closed=
loop control system. By the very nature of the concept of 
a closed-loop system� the necessary adjustments and correc= 
tions for steady state performance are accomplished by the 
closed-loop system. However 1 from one steady state situa= 
tion to another condition of steady state operation (but 
with different speed=torque relationship) will involve a 
transient period and it is this transient period that re= 
quires skill on the part of the analyst or designer and 
which will be a criteria of the performance of the system 
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as a whole. The items of paramount performance during the 
transient period are time of response, overshoot 9 rise 
time� settle time 9 and rate of change of such variables as 
speed and torqueo These are the items which will deter= 
mine stability and suitability of a given system. 
Mathematically� nonlinear analysis of closed=loop 
systems is in its infancyo At the present time 9 if a de­
vice of known extreme nonlinearity is to be incorporated 
into a closed-loop system� the usual procedure followed is 
to represent the linear por·tions of the system on an ana­
log type computer and to connect the actual physical non­
linear device into the computer circuitry. This is per= 
missible for low power devices used for error sensing 9
correction 9 amplification� etc. 1 type of components 9 but 
is not a suitable procedure� nor is it feasible� for the 
actual power output or controlling portion of the circui­
try� where the doCo motor is utilized. 
It appears desirable to minimize as much as possible 
the factors (presented in this chapter) contributing to 
nonlinearity of performance of d.c. motors to be used in 
areas where transient performance is of prime importance. 
This� of course� requires a knowledge of these factors and 
the variables pertinent to the individual factors. 
The linear analysis which can be analytically handled 
is made for a condition of full field at all times� or in 
the event computer simulation is made for a known relation­
ship between field current and time and an assumed constant 
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relationship between field current and flux� which direct­
ly affects both torque produced and voltages generated. 
As shown in Chapter IV 9 Sub-section A j use of core mate­
rials with nonlinear relationship between cause and effect 
results in a current build up versus time characteristic 
which is certainly different than would be predicted by 
methods involving assumptions of constant permeability and 
inductance. It is possible� by proper choice of Frohlich 
constants 9 to achieve a more linear rate of rise of cur= 
rent and a more rapid rate of rise (theoretically) than 
would be achieved using constant permeability material. 
The fact that this is demonstrated for the condition of no 
eddy currents or currents circulating in closed conducting 
circuits does not nullify the usefulness of the derivation 
since the factors contributing to the phenomena are pre­
sented, i.e.� proper choice of Frohlich constants 9 minimum 
turns� maximum excitation current� etc. Chapter IV� Sub= 
sections C and G, present the effects of the eddy currents 
and circulating currents as well as their variation with 
respect to their pertinent parameters 9 such as the desir­
ability of low re sis ti vi ty � high or medium permeability 
iron for core structure to decrease eddy currents and also 
show that the presence of laminations is not effective in 
controlling this pehnomena directly. The manner in which 
the laminations are secured and the armature coil design 
(resistance and number of turns per coil) play a prominent 
part in determining the effect of the circulating current 
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phenomena on the flux-time relationship� as does the type 
of winding placed on the armature� such as simplex� duplex 1
triplex re-entrant order� etc.� since the winding type will 
determine how many commutator bars (and armature turns) are 
closed upon themselves by the brushes. 
The analysis of brush shift effect indicates that it 
can result in either magnetizing or demagnetizing effect 9
depending upon the direction of brush shift relative to 
direction of rotation 9 whereas the effect of armature re= 
action is always demagnetizing. If a motor is for use in 
a control system 9 the desirability of compensating wind­
ings to eliminate armature reaction effects should cer­
tainly be considered� although it is not the practice of 
industry to use compensating windings in small d.c. motors. 
(The exact minimum size motor to be manufactured with this 
type winding as standard equipment has not been clearly 
defined as an industry standard_;varying from manufacturer 
to manufacturer.) Another possibility for nullifying the 
effect of armature reaction is presented by the deliberate 
installation of over strength commutating windings or in= 
terpoles and then diverting a sufficient amount of armature 
current to cause good commutation under steady state con= 
ditions with a resulting 00 under commutation °0 during tran­
sient periods. This under commutation phenomena results 
in direct magnetizing effect which can overcome the demag= 
netizing effect of armature reaction accompanying the in­
creased current present during transient periods. At high 
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currents, as at low currents, the potential drop across 
the brush system is something different than the usual as­
sumed two volts. Speed also has an effect upon this volt­
age drop. Since the changing voltage drop across the 
brush system is a manifestation of a changing contact re­
sistance between the carbon brush and the copper commuta­
tor, adding resistance to the armature circuit will 
11 swamp 91 out the small changes. In addition� as discussed 
previously, adding armature resistance will decrease arma­
ture influence on the shunt field circuit. 
Flux variations due to the above may have a side ef­
fect of much more influence on performance than merely al­
tering the speed-torque values and the voltage and torque 
constants. Specifically, it in effect can form a feedback 
loop within the device itself, causing unwanted oscilla= 
tions which, when combined with the remainder of the sys­
tem, can result in unanticipated system instability. This 
can come about if the load is a relatively high inertia 
load with low damping component and the driving motor has 
a slow time of response in its shunt field. If the motor 
has a pronounced armature reaction� or other defect causing 
demagnetization of the field (and the demagnetizing effect 
changes in magnitude when armature current changes) oscil­
lations may develop through the following sequence� With 
the field demagnetized, the motor tends to turn up to a 
higher speed (denoted as an apparent equilibrium speed). 
As the motor approaches this apparent equilibrium speed� 
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armature current (and demagnetizing effect) will change 
and may even reverse, strengthening the field, establish­
ing a new, lower, equilibrium speed; the current changes 
again, (increasing if the actual speed becomes less than 
the latest apparent equilibrium speed) and the field is 
again weakened, the motor starts to accelerate and the 
cycle is repeated. 
As will be demonstrated in the next chapter, a typi­
cal motor, of so called good design, will exhibit such 
performance features as: 
(1) varying torque and voltage II constant"
(2) speed and torque oscillations and over shoots
(3) dynamic characteristics vastly different from
predicted steady state.or static performance
(4) coupling between shunt and armature circuits
where none theoretically exists
(5) varying speed-time relationships whose varia­
tion is opposite to variations expected of a
linear second order system
(6) significant behavior patterns involving the
usage of interpoles whose function supposedly
is to aid commutation only.
At the conclusion of this thesis, recommended practice 
possible in the design stage as well as in operational en­
vironment will be presented. 
CHAPTER V 
EXPERIMENTAL TRANSIENT STUDIES 
Experimental Equipment 
Transient studies involving instantaneous torque were 
not possible until comparatively.recently because of the 
lack of suitable transducers for detecting time variations 
of terqueo The common method of measuring torque was by 
means·of a prony brake or an electrical input dynamometer, 
both of which are satisfactory for measuring average torque 
· under steady state conditionso The torque read-out was by
me.ans of a mechanical arm of known length exerting force
against a calibrated weighing scaleo Within the past
tllree years j a torque sensing device, known as a Torque­
Meter, has been developed which utilizes bridge connected,
bonded strain gages to yield an electrical signal propor­
tional to torque being transferred through a rotating
shaft o '!'his is an indirect result of Hooke0s Law which
states that 00 a body acted on by external forces will deform
i:n. proportion to the ·.stress developed, so long as the
stress remains below a certain value, kn.own as the propor­
tional limit ivo The torque causes the stress, the shaft
4eforms an4 the bo�ded strain gages deform in the same
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fashion as the shaft j the deformation manifesting itself 
as a change in length of the strain gagesc Since the 
strain gages are electrical resistance ele.ments and re-
sistance is proportional to length of a conducting materi­
al j the change of resistance of the strain gage can be 
mathematically related to the shaft stress .. In order to 
render the strain gage circuit insensitive to temperature 
changes and to give maximum electrical response per unit 
strain j the gages are usually connected in a four element 








Figure 5olo Four Element Strain Gage Bridge 
The four strain gages are shpwn as having a nominal 
resistance of Rohm.so The Balance Potentiometer is avail-
able to compensate for small variations of individual gage 
resistance and insure Eout = 0 when the gages are in a 
11 no strain 10 condi tiono The gages are physically located 
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on:th� member� whose stress is to be measured� in such a 
mar±ma:r that a given stress lengthens two gages ') such as 2 
and. ,�: and shortens the other two� 1 and 4 � or vice versao 
This., stress then would result in resistance increase in 
two at-ms ') resistance decrease in the other twoo The rela­
tion$hip between the voltage output and the resistance 
changes� 6R� can be shown to be� 
For a four arm bridge I) 
(5-1) 
The gage factor of the strain gages� G� is defined as: 
(5=2) 
and since� by Hookes Law� 
b.l ""' HS = H 0 T (5-3) 
where Sis stress proportional to torque I) T '> and Hand H 0
are versions of Hookes constanto Combining Equations 
(5=3) �· (5=2) � and (5=1) yields� assuming torque· '> T(t)� is 
a function of time� 
Eout (t) "" I GH
0 T (t) • (5=4) 
The voltage E
out 
(t) is then amplified and presented
on a cathode ray oscilloscope or suitable recorder for ob= 
taining torque as a function of time. The switched 
Calibrate Resistor is a precision resistor used to obtain 
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a bridge unbalance corresponding to a specific torque in 
order to calibrate E 
t 
in terms of torque units. 
OU 
Shaft speed, in the form of a voltage, as a function 
of time can be obtained by means of a small direct current 
generator, with permanent magnet excitation, caused to 
rotate at the same speed as the Shaft transmitting torque 
into the Torque-Meter. Here again, the voltage corre­
sponding to speed can be presented on a cathode ray oscil­
loscope or suitable recorder. If the read-out device has 
sufficiently high input resistance, it does not impose a 
load on the permanent magnet generator and the induced 
voltage of the generator is recorded and is very nearly 
exactly proportional to shaft speed. If the instantaneous 
torque and shaft speed are recorded on the same time base, 
i.e., a dual channel recorder, speed versus torque can be
easily obtained. This is the scheme used in this 
investigation. 
For demonstrating the transient behavior of direct 
current motors, 1/4horsepower motors, were chosen for the
following reasons: 
(1) Power requirements are sufficiently small so
that the supply circuit resistance drops are
negligible and voltage at the motor terminals
would not be subject to fluctuations under
various motor loading conditions.
(2) Torque-Meters, capable of measuring the maxi­
mum developed torque of this size motor are
commercially available.
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(3) Motors in this size range are widely used as
components in closed-loop systems or servo-
mechanismso
The only departure in performance of this size motor 
from the performance of larger motors is that the rotating 
losses of the smaller motors is a much larger percentage 
of the rated power output of.the motor than for the larger 
motors. Since this is usually a neglected factor in linear 
analysis, with consequent error in analysis results, it was 
felt that results obtained using small motors would serve 
to illuminate the misleading results arising from too 
careless methods of analysiso 
The equipment actually us.ed in this study was: 
2 - direct-current machines, General Electric 
Model 5BC44AB65F� �4HP, 1725 rpm, 115 
volts� 2.4 amps 8/NUVS with interpoles and
small series fieldo (One used as a motor� 
the other as a generator for loading the 
motoro) 
2 - direct-writing dual channel recorders� 
Sanborn Model 320, maximum chart speed 
100 mm/sec, voltage sensitivity from 25 
millivolts to 100 volts full chart scale 
(adjustable), minimum input resistance of 
Oo5 megohms, response from doCo to 125 
cps within 3db at 10 mm peak to peak. 
1 - Torque-Meter, Lebow Associates No. 265-6� 
1000 ounce-inches� 20�000 rpm, 0.5% accu­
racy to 20�000 cps variation and Ellis 
Associates BAM-1 Amplifier and Power Supply 
with precision wire wound calibrating 
resistors. 
1 - Tachometer� Elinco Midget PM - 1 - M with 
permanent magnet excitation i S/N 60543� 
21.8 volts/1000 rpm. 
Misc. - Voltmeters j ammeters, ohmmeters� cathode ray� 
oscilloscopes j amplifiers 1 audio oscillators� 
strobotac tachometers, rheostats� etc. 
All of the experimental work was performed in the 
Electrical Engineering Laboratories at Oklahoma State 
University. 
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The pbysical connection of the major items of equip­
ment was as is shown in Figure 5. 2. 
Equipment Calibration 
Electrical noise was observed in both the tachometer 
and torque meter outputso The source of the noise in the 
tachometer was attributed to commutator ripple� whereas 
the torque meter interference was traced to two sources j
i.e., the brush-slip ring arrangement within the torque
meter proper and a high frequency component (about 200 
cps) due to mechanical oscillation in the sponge rubber 

























Satisfactory RC filters were designed with the cir­
cuit arrangement and values shown in Figure 5.3 which at­
tenuated the noise to a level which would not interfere 
with accurate scaling of the recorder tracings and at the 
same time had no detrimental influence on recorder response 




















Note: Filters are in 
shielded enclosures 
To Recorder 
Figure 5.3. Filter Details 
The torque meter and Ellis Amplifier were calibrated 
using the precision wire wound resistors within the ampli­
fier in accordance with the following formula: 





The secondary standard use for speed calibration was 
a General Radio Company Strobotac flashing from ovLine' 0 ? 
which corresponds to 1800 rpm within the accuracy of the 
sixty cycle per second power supply which in turn is ac­
curate with± 1/10 of a cycle (0.16%)o This accuracy is
attained by virtue of the interconnection of the local 
power generating system into the major midwest power grid 
which has precise frequency control on their generating 
equipment. 
The voltmeters and ammeters used were from the Elec= 
trical Engineering School 0 s precision instrument stock and 
were of the 1;4%accuracy class. Each instrument was stan­
dardized against two other instruments selected at random 
from the same stock and the three instruments were observed 
reading within their reputed accuracy. 
The above precautions insured that the measuring 
equipment would measure faithfully within the line width 
as recorded on the recorders. Recorder response and chart 
speed were checked against the sixty cycle per second power 
source and their linearity was insured by comparison with 
the 1/4% accuracy voltmeters. No departures or errors
were detected. 
Machine Characteristics 
Winding information on the identical machines supplied 
by the manufacturere is as follows: 
2 poles� 2800 turns/pole shunt field� 420 ohms 
33 turns/pole series field, 0.635 obms. 
1 commutating field, 215 turns of commutation 
field, 0.59 obms. 
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Armature� 18 slots, 217'2 turns per coil, 2 coils· 
per slot. Coil span 8 teeth, 3.7 obms. 
Air Gap Flux: 0.00234 webers (with 115 volts 
across the two series connected 2800 turn 
windings. 
Armature Inertia: 0.0014 Kg - meter - sec2 • 
The torque and voltage "constant va can be calculated 
from Equation (5-1) as: 
Zn ( 21 .. 5 x 2 x 2 x 18) x 2 =
K = � = - - 2n x 2
- 246 volt - secondsradian - weber 
volts 
= 
246 rad/sec - weber = 246 
newton - meters
weber - ampere 
(5=7) 
The open circuit saturation characteristic, as sup­
plied by the manufacturer and presented in Figure 5.4 was 
verified in the laboratory by driving the motor at 1725
rpm, varying the shunt field excitation and measuring the 
open circuit voltage (induced voltage). 
The friction and windage (rotating losses) of the 
system were determined by varying the speed of the machine 
designated as a umotor" and observing the average torque 
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shunt field current, milliamperes 
Figure 5.4. Open Circuit Saturation Characteristic 
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meter as the speed was varied from zero to 2000 rpm and 
then, with the ••generator•• being operated as a motor, 
driving the idle machine over the zero to 2000 rpm range 
and observing the average torque required by this machine 
designated II motor 01 0 The torque versus speed characteris= 
tics obtained are plotted in Figure 5.5. The two charac-
teristics were graphically combined to obtain total rotat-
ing losses as a function of speed� Wo 
The total rotating loss torque, Tf + w, can be repre
=
sented by a linear relationship and expressed as� 
T - 2 ·94w + 0.1427 newton-meters. f + w 104
Equation (5=8) was determined by calculating the 
(5=8) 
slope of the speed-torque relationship s m, and utilizing 
the ordinate intercept, b, in the straight line relation= 
ship� 
T = mw + b (5=9) 
The system moment of inertia� J 1 was determined by 
the conventional retardation method which consists of 
motoring the system up to above 2000 rpm and disconnecting 
the electrical power supply. A recording of speed as a 
function of time was made as the system decelerated under 
the influence of the torque of friction and windage. The 
slope of the speed=time recording was ascertained graphi= 
cally� combined with the Tf corresponding to the speed +w
-----
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at which�: was determined and J calculated from: 
dw 
= -J dt or J = (5=10) 
The measured value for the system was determined to 
be 0.0032 Kg - meter - sec2 (compared with a value of 0.0014 
Kg - meter - sec2 from the manufacturer for one machine -
the difference between 0.0028 and 0.0032 being due to the 
torque meter and tachometer). 
In order to determine the effective resistance of the 
brush system and the manner in which the voltage drop 
across the brushes varied, the potential drop across the 
armature was observed and recorded for various values of 
armature current with the armature stationary after ther­
mal equilibrium was reachedo This is not strictly accu=
rate since armature speed does influence this as discussed 
in Chapter ·IV, but the effect of residual magnetism when 
rotating and consequent induced voltage prohibits a more 
accurate determination. The calculated values of brush 
potential drop and contact resistance as a function of 
armature current are displayed in Figure 5.6. 
Selection of a single value of self inductance of 
each field and mutual inductance between fields is a task 
requring engineering judgment and an appreciation of the 
manner in which the inductance will change as the excita­
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A Neff <p 
L - I - I 
"A. ::::: total flux 
I = excitation 
<p ,_ total flux 
Neff q;-






As can be seen from Equation (5-12)� the self inductance 
is proportional to the ratio of induced voltage to excita­
tion current. Since this ratio is constantly changing� it 
appears necessary to define an incremental inductance� L1 i 
where: 
Lo KO 
dE (5=13) = dI 1 
dE which is the slope of the circuit saturation dI' open 
characteristic� and Li� therefore 9 is a function of the
degree of saturation :present in the magnetic circult. Ref= 
erence to Figure 5.4 9 the open circuit saturation charac-
teristic of the machine under test� indicates that the 
angle of the tangent changes from approximately 65 degrees 
along the unsaturated portion of the curve to approximately 
= 
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30 degrees at the saturated portion corresponding to rated 
operating conditionso Now� 
Tangent 65 ° = 2ol4 
Tangent 30 ° = 0.58 
This is a change of 3.7 to 1. When the inductance of 
the various windings was measured under saturated and un­
saturated conditions� it was found to change by a factor 
of approximately 3 to 1 in the case of the commutating 
field plus armature and approximately 2.2 to 1 for the 
commutating field� armature� and series field combinedo 
The difference in ratio between actual and theoretical 
ratios is due to the change in percentage of leakage flux� 
i.e.� flux which links something less than all circuits
because of some of the flux choosing a path through air 
rather than through the iron completely. The ratio with­
out series field is much closer to the theoretical ratio 
than when the series field is included because different 
portions of the magnetic path are effected when the series 
field is not included and the leakage is not as severe. 
The self inductances were determined in accordance 
with American Institute of Electrical Engineers Standard 
501, 11 Test Code for Direct Current :Machines uu (effective 
date: July 31� 1957)� Section 23-7.6. This code pre= 
scribes that armature and armature circuit windings� (such 
as commutating windings and series field windings) shall 
be tested by applying a single phase� 60 cycle per second 
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voltage to the winding to be tested, measuring current 
through the winding� r� voltage across the winding� v� and 
calculating the self inductance by� 
L = 
c !) - R2
2rcf (5-14) 
where 
R is the winding resistance 
f is frequency� 60 cps. 
The value calculated is the unsaturated or saturated 
value depending upon the absence or presence of shunt 
field excitation of rated ampere-turns. Since the degree 
of saturation does not increase appreciably after the 
"knee n of the saturation characteristic is passed� it is 
not necessapy to exceed rated current in these tests. 
Figures 5.7 and 5.8 portray the self induc,tance vari= 
ation of various windings and combinations of windings un-
der saturated and unsaturated conditions. 
In Figure 5.7 9 it will be noted that the sum of the 
armature and commutating field combination is less than 
that of the armature alone. This arises as a result of 
having the rrunf 0 s associated with the two windings in oppo= 
sition, such that the total inductance of the combination 
in series is the sum of the self inductances decreased by 
twice the mutual inductance. Since the mmf 0 s of the se= 
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total inductance of the combination is the sum of the in­
dividual self inductances plus twice the mutual inductance 
of the combinationo 
From Figures 5o7 and 5.8� the values of self induc­
tance of the various combinations selected for this study 
are: 
Unsaturated Saturated 
Armature Only 0.861 ho 0.045 ho 
Series Field Only 0.0048 ho 0.0014 ho 
Commutating Field Only 0.026 ho 0,0223 h. 
Armature and Series Field 0.0989 h. 0.0465 h.
Armature and Commutating Field 0.0861 h. 0.0284 h. 
Armature� Commutating and 0.0895 ho 0.0375 h. 
Series Field 
The test code alluded to above does not contatin pro­
vision for a standardized measurement of mutual inductance 
between the shunt field and the various armature circuit 
windings. For this study� a procedure was devised which 
gives values that appears (based on turns 9 ratios and an­
ticipated couplings) to give satisfactory results. It 
consisted of impressing a sinusoidal 60 cycle per second 
voltage on the armature circuit j measuring the resulting 
current flow 9 Ia
� and measuring the open circuit voltage� 
v
f
� induced in the shunt field. If w is the angular fre­
quency of the currents and voltages 'l the mutual induct= 
ance 'l M 'l can be found from� 
177 
(5-15) 
The results of the tests to determine shunt to arma-
ture circuit mutual inductance are plotted in Figure 5o9•
Since the armature and commutating fields are in quadra­
ture with the shunt field, their theoretical coupling is 
zero, although a small degree does manifest itselfo 
From Figure 5o9� the values of mutual inductance as­
sumed proper for this investigation are: 
Shunt Field to Armature and Commutating 
Field 
Shunt Field to Series Field 






The nature of this test precludes obtaining an unsaturated 
value. 
In order to determine the self inductance of the 
shunt field, the test code referred to above requires a 
time recording of shunt field current, If' build up after 
a step voltage, Vfo' is impressed upon the field, when the
machine is being driven at rated speed i no load. (Vfo is
of the proper value to result in rated shunt field current 
dI 
at time, t = co.) The slope of the If versus t curve ., d; 
,
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Figure 5.10 is a plot of shunt field current as a 
function of time. The self inductance of the shunt field 
is calculated as 46ho 
The motor and system parameters supplied by the manu= 
facturer and/or measured and computed in connection with 
this investigation can be summarize� in Table V-I. 
TABLE V-I 
l"IACHINE PARAl"IETER (G. E. Mod. 5BC44AB65F) 
Torque (friction and windage): = 2 ·9r + 0.1427 newton-
10 
meters 
System moment of inertia: = 000032 Kg - meter - sec2
Vol tage-Torqu, e constant: = 246 volt - seconds orradian - weber 
Resistance: 
Armature 3.7 
Commutating Field 0.59 
Series Field 0.635 
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Air Gap Flux� Figure 5.4 
0000234 webers at rated excitation 
Open Circuit Characteristic� Figure 5.4 




Series Field Only 
Commutating Field Only 
Armature and Series Field 
Armature and Commutator Field 












Shunt to Armature and Commutating Field 
Shunt to Series Field 












Calculated and Observed Shunt Motor Transients 
As pointed out in Chapter III j the usual analysis for 
a shunt machine� a so called linear analysis� neglects all 
internal loa.di;o.g due to friction and windage within the 
system and also assume·s that the shunt field excitation is 
Oa0375 h 
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at rated value and remains at this value during the tran­
sient periodQ 
In Chapter III, Equation (3-23) was developed for a 
shunt motor with rated excitation when the Bi-mature was 
switched and with no external loading. When the values 
from Table.Vol are.inserted in that equation, angular 
velocity as a function of time can be calculated for the 
motor under investigationo In order to visualize the ef­
fect of saturation and rotating losses, oo is calculated fpr 
various conditionso The resulting equations, det,ermined 
from Equation (3-23) for this motor, are: 
LA unsaturated, friction and windage neglected
w = 200[1 + 1�44e:�24 •8tsin(24.2t - 2.375)]rad/sec.
(5-17) 
LA saturated, friction and windage neglected
.. [ -1oat · . -43t I oo = 200 l + Oo662e: - l.662e: ]rad see. 
LA saturated, friction and windage included
(5-18) 
(5-19) 
Figure 5oll is a plot of Equations (5-17), (5-18) and 
(5-19). In addition, the actual w versus t determined ex­
perimentally for this motor (under the two conditions of 
shunt field at steady state at time t = 0 and of shunt 


























































































































































































































































































































































1-t+++-1--J--..-!--w- I f-t--1--f-t--1-- U Irr I I - ~ · -L-.... ~Fl-!=l=L~ti1-t1:-rL+tf1-l1-+c:+l±:n,J1T1Q_1_D1trH-i-lX•0:1n 
:rrt-rt+i_Ji--1-ll ITii :EmEmmiE W--1-W+H-1=1=1:nttl .J-+l=Utti T~, IT I I ~n1tftt+UE+t=t+Jfffi _._u I 
~ 




The motor magnetic circuit is in a saturated condi­
tion during most of the transient period (having an ap-
46 proximate shunt field time constant of < 420 < .11 seconds.)
Also, the torque required to overcome friction and windage 
is a physical reality� so the performance depicted by 
Equation (5-19) should be taken as the best available by 
so called linear analysis methods. Obviously� it leaves a 
great deal to be desired insofar as its accuracy is con-
cerned. In orde� to qualitatively analyze the phenomena 
in Figure 5.11� the actual field current variation was re­
corded and is displayed in Figure 5.129 the armature cur­
rent is plotted in Figure 5.13� and shaft torque in Figure 
5.14. The two notable differences between analytical and 
actual w versus t relationships are the lesser slope in 
the actual curve during the rising portion of the curve 
and the overshoot during the approach to steady state 
speed. The situation involving the test with the field at 
steady state prior to armature switching indicates a 
faster rise of speed and less overshoot than when the field 
is switched& Refer to Figure 5.12. The shunt field cur-
rent rises momentarily to greater than twice rated value 
shortly after switching. Since the torque is proportional 
to the flux, there is more torque for acceleration of the 
motor during this period, so the angular velocity increases 
faster than when the field is zero at t � O. After about 
0.1 seconds, the shunt field current drops to about 70% of 
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.excitation occurs at Oo2 seconds. From Figure 5.11� the 
motor speed is at its ultimate steady state value and in= 
creasing at this time. (Since the excitation is low� its 
apparent steady state equilibrium speed is much higher.) 
The speed increases.to 10% above true steady state speed, 
the maximum occurring about 0.35 seconds after the arma­
ture was switched. Meanwhile� the field strength is in= 
creasing with a consequence lowering of apparent steady 
state speed so the motor'begins to slow down 9 reaching 
true equilibrium after approximately 0.8 seconds. The 
speed characteristic of the motor with switched shunt field 
is similar except the angular acceleration is less� the 
speed overshoot greater and the time to reach true steady 
state speed is longer� all because the shunt field exci ta= 
tion is always less than rated value prior to reaching 
steady state (Figure 5.12). This figure clearly indicates 
that some degree of coupling must exist between the shunt 
field and the armature circuit� even though it is theoret­
ically zero. The coupling exists by virtue of the factors 
discussed in Chapter IV. 
Figures 5o 13 and 5. lL� are plots of calculated and ob= 
served values of torque and armature current as a function 
of time. The experimentally obtained values and the cal= 
culated value which includes friction and windage (and 
saturated LA) are plotted. 
The expressions used for calculating torque and cur= 




















































































































































































N newton-rneters 1 torque 
--
- I ,-
-~ LI = [J;jlj ' 
1--- ,, ,, '''''' ' 
' - ' ' ' ' " 
~ .... ~ L . .L.._ L- L_L.,_L_ .... 1-- 'L_ 
r I :::.:= ~ '-'-'-'->- ._ 
- ' ' I+ - :!It L - u ' t ~::r ' ~ :: == f::::=ig ' - ' ' -
10111111= L ~L ' == ~== : :::tm=•····i>-' ,. ~ '-'-I--'- - '- .... ~,.. .... ~mmatfflllffi!Effl lfflW 
R=l=
ttt:ftt!=I±=' ~~ 1-1-...... '- · I - LL..C-'- ~1•mmmmmmmm11•1 ~ = '-~ 1..u r-+- '-' ·-·----· ~~~tJ~f]~f~Fti~f~~f ff~~i~ f~~t~f@=±±~d...... .&---L--1-1- J....-.1- -1-L-- L_ + ' - L LL -L ' LL:c ::c· L I i '- ~~~ i+Ww±it~wwt!!~rn->-=-n~ !1'~~~~111, 11ww,,,,,,,,,,,,,,,,,,,,,,, 
li"CJ=t+w::±±t-1~+:J=l=tftc+ ' I I I I ,' Lr " 0 
~t=t=t-4ti±..++1=+i~+fJrtJ1 .... j"~,t1tJ11=1t- r-r_j ::i1fl$!=1:1=1=~fl1=,~f~1=ii1~§ff~=P-a~if1f~ n 1 t-+ +~· =r:::t,x] r .. J ~11 J ·"' 2~EtttUijfi~~~~~EEEEttfffiB~*~ 
l
=t=rt+++J-l.'02tt '- ·i- -I I - '--~l- .L .J V ' 1 
' ._ t1 
1 
~ 1.. '-c-n·-i-t-i++-J-+D:J,.~ ±f§f~$ttJ§ig$ tEI ~~~~±~ff~  
-~~r~.::r::t-t±+t+rttr~ ...i~i-µ_· : : . -- • · ~ L--· · --~· c~s· §~~~~1$4!{~§~,~~~lj\!t~t§,~§~~~tiJ~t~~~~~~~~!jitI~~ ~~- ::: ~ 
1 
~ I I: -: m~.m-wmt 00m Hm mmi 00m 00m mimt mmm -" - " - ' , '' ~~~~~~t~§if8~f~~T§~I~~$~~~~~~ 
• ,c • L L.. ·~f-t· ~1·1filei~~if§1r§t$§±I8lf~~TD@IEF - - ' " ' ' g ' - f--t-t-1- '-H•-' I fil' ~§lffl~§lfflffi=t*§WIE c_L • " ~~:,,~ -- '- rlj ' ' n_ ' ' ~~'±I8 ~~!§jf~~$~~i§ei~~j~§ f~
_c 'LL~ _, CL ·-·-" =·-" ,_,_. run ' ·-~·~s~Ig~!RllB~f~~IH§I~~!t~IE~l~~~IB~I~~ 
,-t-+-'-.L 
1 
' '-e-'- I-I-L..~+- '- l-•-' ~ ......,....:,_,_ ~~tIS~i~~f I' tS~i~~f ~ijl{~tf ~}I~iI~if lfj~i~~I . . ,- · CLLL ,_,_LL~ := ::::: "'=tt :,·-:=t :~f~~f~~i~~i~~i~~!~~I~~,~~,~~l~~!~~i~~!~~i=~J~~i~~i~~i~~~;ij~i;~1~~,~~t~~t · · C'-"L -LLC ·-L · ·~c ._:::=::~~§~t~iiaiia~i~~*E~I~~t~ijJ~~ii~ii~~i~i 
['-1~H+-hf-++t.=:[IJ~J-t~-j Lc, , ,_ I_)_" , -. rt CLLL ,_LLC ,_, ' ' '-Lt ' D 
- -L L ,_ LLL •-C - - '-L -r-H-+-..!-L I I I - , ,_ ': - ,_,_::_::_ _,_ _ - ,_ - '-" -,H-+-..!-Ll 11.... -1, :'-"'-~ "::_c:- '.=L ' : - :;:::_ -L ' , ", 
1=11::ttt-t-H· --1:::rt::t:1:i· :-::H ' , _ ' ' - ' - - L - -L ' ' -LLL . L ·- <- L _ L -L _,_ -




ti ·-j - --'--'-+-~-_._· rt-' e-'-'- _ ... J... ·-'- jI~Jiij~!!~i~ijii~ItgJtij~t~Ifg;i~~I~ijff , - = --· --""" --" ,:c=CLCLL -LL ,_, -
' -n ·1 :::::o.:.u.J ,:.+FR ,·,,-' µ_,_. '-e- ·-'-









1 0 9 8 7 
















































































































































































\>I 0\ ~amperes, current 
,~ · ... 
EEmtt!+ifiEEtt#mSm~m:t:t .±±±±±ff+R+l±tjnfR 
rr-i-t-+-t-l-l--l-Ll-l-·14"--rf-++-.i-l-~ ' v• 
: = -~:111•1u•1m•1m•111•111• . - l=immfflfD ___ • 
' 1±±±± -. -
• f-r-. c::o:ttt+H-+-1-:+Ut:l---:l ,-r--t-H-t-H--i-LUT 
' -1-rt-t+H-1...j..J..:U::H 
. ' '-)Trt-t-+1-+--l-LI:n 
l_ 
I I I \ - -1-l-+-!--+ 








Since T and 
(5-20) 
(5-21) 
The calculated values of current rise to values very 
nearly that -of line voltage divided by arma�ure resistance 
but actual maximum current is less than this value o This ··· 
phenomena has been noted in connection with rate of rise of 
short circuit current in generators (12� 13� and 14) and 
has led to an empirical quantity� 00 apparent resistance 00� 
defined by Linville and Darling (13)o Actually� it is not 
some form of resistance appearing during transient periods 9
but rather is the armature circuit manifestation of factors 
discussed in Chapter IVo It is more appropriately an ap­
parent 00 inductance 00 of transient nature because it appears 
to be an electromagnetic field phenomena. Since the actual 
current is less than the theoretical value� the actual 
torque-also is something less than theoretically predictedo 
Since the motor does not accelerate as quickly� the arma= 
ture counter emf does not build up as fast as one would 
expect from theoretical considerations and j thus� the in­
creased current (and torque) persist for a longer period 
of time than it does in the calculated version. 
J doo cl c2w :r T = dt + + "" / ,, I{ 
' .,! 
1 = 25o4(E-30o2t E=l20o8t) + 2o~4 + Ool4l7 
10 ,, ,.. .. , 
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Figure 5.15 is a plot of K� the torque 00 constant 00 , as 
obtained from dividing observed values of torque (Figure 
5��3) by the observed value of armature current (Figure 
5.14) existing at the same timeo The theoretical value of 
K for this motor is 0.575 newton-meters/ampere. The val-
ues plotted are 00 dynamic 10 values and vary widely from the 
theoretical value and are far from constant due to factors 
discussed in Chapter IV.· 
If motor operation was always steady state, i.e., any 
departures from one operating condition toward another op= 
erating condition were to take place extremely slowly9 so 
slowly that electrical and mechanical transients were non­
existent 1 the equations describing the performance could 
be written as� 
V - IR = Kw (5-22) 
T = KI (5=23) 
or, combining Equations (5=22) and (5=23)�
T = (=f )w + KV R (5-24) 
Equation (5=24) is plotted in Figure 5.16. The dy= 
namic relationship between torque and speed as obtained 
for this motor accelerating from zero to steady state 
speed is also shown on this grapho Here again, a tremen­
dous difference existso Unfortunately, the steady state 
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system analysis and is widely accepted as a representative 
relationship. The fact that the speed-torque relationship 
is double valued in areas near steady state speed results 
from the speed overshooto 
In order to investigate the effect of the commutating 
field on the transient performance� one must recall that 
the commutating field acts in the quadrature axis and that 
the only effect in the direct axis is by virtue of the net 
armature circuit inductance being influenced by the pres­
ence of the self inductance of the commutating field and 
the mutual coupling between the armature and the commutat­
ing field. When the commutating field and the armature 
are interconnected with the proper polarity� the magnetic 
fields of the two oppose each othero If� 
LA = armature self inductance
LCF = commutating field self inductance
MCFA = mutual inductance between the two windingso 
Then� for proper interconnectiong 
(5-25) 
The response depicted in Figure 5oll is for proper 
connection of the armature and commutating field and is 
for a net armature circuit inductance of 0.0284 henrys. 
If no commutating field were present, the armature circuit 
inductance is measured as 0.045 henrys and if the 
195 
commutating field was improperly connected� the net induct­
ance can be calculated as� 
= 0.0389 
Lrr1 = 0.106h
where LTP is proper polarity between commutating field and
armature and LTl is for improper connection.
Using these values of armature circuit inductance j
the equations for angular velocity as a function of time 
become: 
for properly connected commutating field 
(I) = (5-19) 
for no commutating field 
(5-26) 
for improperly connected commutating field 
00 = 197[1 + l.22E-lSt sin(25.6t + 4.1)]. (5=27) 
The response based on these expressions is plotted in 
Figure 5.17. The actual response 9 obtained experimentally j
is plotted on the same sheet. Since the calculation was 
for full shunt excitation at instant of switching 9 the 
and LTl =LA+ LcF + 2McAF = 0.045 + 0.0223 + 0.0389 
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experimental data shown is for the same condition. Rec­
ords were also obtained for the situation in which the 
shunt field was switched with the armature. Since no cal­
culated data was obtainable for this condition, the results 
are not portrayed graphically. However, for each of the 
three configurations of commutating field for which the 
shunt field was switched with the armature, the overshoot 
was approximately 10% higher and the time at which maximum 
speed was attained was about 15% greater than the corres­
ponding configuration observed with the shunt field at 
steady state at the instant of switching. 
Obviously, the fact that the actual angular accelera­
tion is only about one-third of the predicted value and 
the fact that speed overshoot occurs is directly related 
to the variations in shunt field current (discussed above) 
during the transient period. No doubt, magnetic circuit 
nonlinearities (in addition to armature reaction) affect 
this, but it is believed that the majority of the discrep­
ancies are a result of armature to shunt field coupling. 
As can be seen from Figure 5.17� the presence of the com­
mutating field does not materially affect the accelerating 
characteristics of the motor� but it does have a stabiliz­
ing influence (in that it very nearl1 eliminates speed 
overshoot) if properly connected. This is due to the re­
duction in net armature inductance from what it would be 
if armature inductance were the net inductance. The re­
duced inductance results in less energy storage capability 
198 
with consequent reduced oscillation (and overshoot). 
For the machine used in this study, rated shunt exci­
tation is O o 270 x 5600 = 1510 ampere turns o With an arma­
ture current of 2o4 amperes (rated current) and the series 
field connected '! the series field contributes an addition­
al 2o40 x 66 = 158 ampere-turns. This additional 10% ex­
citation results in only 2'� additional flux (due to the 
magnetic circuit nonlinearity)o Accordingly 'i one would 
not expect the acceleration with series field to be greatly 
different from that without series field and this was ex­
perimentally verified. The response with series field for 
acceleration with no external load is plotted on Figure 
5ol7. However� use of the series field does introduce an 
armature-shunt coupling and this coupling tends to 00 smooth 
out" the variations of excitation experienced during tran­
sient periods with shunt excitation onlyo This can be 
readily seen from Figures 5ol7 and 5ol8. No overshoot was 
noted and steady state speed was attained in about 50% of 
the elapsed time taken by the shunt motor with no series 
field. The tendency of manufacturers to refer to this 
w�nding as a 01 compound 10 winding appears to be a misnomer 'l
i.eo, its added torque is nil under conditions where the
shunt field is full or when the armature is switched. This 
is the usual situation in automatic control systems. It 
should more properly be designed a 11 damping 10 or 
"stabilizing 00 windingo Figure 5ol8 shows the shunt field 
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Figure 5.18. Effect of Series Field on Shunt Field 
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field is at rated excitation prior to switching) for the 
condition of series field and no series field. As can be 
seen, the variations are of much smaller magnitude when 
the series field is present and the maximum and minimum 
u apparent qq equilibrium. speeds are much less when the 
series field is present. 
The addition of an external load to the shaft of the 
motor does not appreciably alter the speed response of the 
system ') as can be seen from an inspection of results 
plotted in Figure 5.19. Here ') the external load consisted 
of a fixed resistance in the armature circuit of the gen-
erator in the system. The generator had full shunt field 
excitation during the transient period. The shunt field 
current was monitored and was observed to .. remain subs tan-
tially constant due to the nature of build up of the gen­
erator voltage. The generator resulted in a load (torque) 
proportional to angular velocity being imposed upon the 
motor under observation. Using the appropriate parameters 
for the motor and load ') the following expressions were ob= 
tained for predicting the system performance (under the 
assumption of full shunt field at the instant of 
switching) i
w = 183.5[1 + 0.345s-121·5t - l.345s-3l.lt]rad/sec.
(5-28) 





































































































































































































































































































































In comparison with Equations (5=19)� (5-20) and 
(5-21)� which have a time constant (maximum) of 000332 
seconds� the system now has a time constant (maximum) of 
.0321 seconds which is a slightly smaller value. The ob­
served data (Figure 5.19) bears out that the addition of 
load had negligible affect upon the rate of increase of 
speed (acceleration). 
Also� the amount of speed overshoot and the maximum 
value of speed overshoot are approximately the same for 
the loaded and unloaded conditionso The observed torque 
and current variations as a function of time are plotted 
in Figures 5.20 and 5.220 The observed torque� with load� 
as shown in Figure 5.20 is different than in the no= load 
case because an appreciable torque is required in the 
steady state condition. The transient portions observed 
exhibit the same behavior in each case� just as do the 
calculated expressions� but it persists for a longer peri= 
od of time in the loaded caseo If the current versus time 
relationship for the two situations is examined (Figure 
5.14 and Figure 5.22) a tremendous difference in current 
magnitude during the tra�sient period is quite obvious, 
i.e., 3.8 amperes versus 19.5 amperes peak. This large
difference is a result of a delay in build up of counter 
electromotive force in the loaded motor immediately after 
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be visualized from an inspection of Figures 5.11 and5.19). 
For example� with the shunt field full on at t = O� the 
unloaded motor attains an angular velocity of 20 radians/ 
second in 0.02 seconds 9 whereas� the loaded motor required 
0.03 seconds. Since the theoretical value of the armature 
circuit time constant is 0.0284/4.29 = 0.006� the extra 
0.01 seconds delay is sufficient to allow the armature 
current to build up nearly to a value limited only by ar­
mature circuit resistance (115/4.29 = 26.8 amperes). Ex= 
cessive torque (corresponding to the 19.5 ampere peak) is 
not developed due to the demagnetizing effect of armature 
current and eddy and circulating currents discussed in 
Chapter IV. The dynamic torque constant� calculated from 
observed values of torque and current is plotted in Figure 
5.23 for various conditions of shunt field switching and 
for the presence or absence of the series field. No dis­
cernable variation in the dynamic value of torque constant 
was detectable� lending additional credence to this 
author 1 s previous statement that a small series field does 
not provide true 00 compounding 00 effect� but rather provides 
stabilization or damping. Addi ti.onal verification can be 
obtained from an inspection of Figures 5.21 and 5.19 which 
point out that presence of the series field reduces shunt 
field current variations and eliminates speed overshoot 
under a loaded condition in the same manner that it does 












































































































































































































































































































































































\J1 torque constant 
newt on meters 
�8 
When speed versus torque for the loaded system (Fig­
ure 5.24) is compared with the same variables for the un= 
loaded system (Figure 5.16)� it is obvious that the behav­
ior is again very nearly identical for each situation. 
Figures 5.25 through 5.29 depict the dynamic perfor= 
mance of the system when subjected to impact loads. Here 
again� the same type of system load was utilized� i.e., a 
separately excited generator. With the system at no-load 
equilibrium� a fixed value of resistance load was switched 
into the generator armature circuit and after new eguilib= 
rium was achieved� the load was removed. The equations of 
performance� based on Equation (3-18)� and the appropriate 
variables arei 
Load switched on 
w = 189 + 22.85E=3l.lt = 5.85s=121·5t rad/sec. (5=31)
T � 1.27 + 2.25E-121·t - 2.12E=3l.lt newton=meters.
(5-32) 
I =  2.21 + 3.91s=121·t = 3.68s-3
l.lt amperes. (5=3
3)
Load switched off 
w = 206 + 5.67E=120•8t - 22.67E=3°·2t rad/sec. (5=34) 
T = 0.203 + 2.190E-
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When the load is suddenly removed� the energy level 
stored in the air-gap must change 9 since a new equilibrium 
current will be establishedo Theoretically, a quantity of 
energy is t·ransf erred back to the supply system and the 
instantane6us current and torque should reverse '} briefly. 
Figures 5026, 5027, and 5o28 illustrate this phenomena in 
the calculated performance curves. However� the observed 
characteristics do not display this predicted reversalo It 
is f�lt by this author that the reversal is present, but 
of such short duration as to not be present on the rela= 
tively 00 slow 00 recordings taken in this studyo The shunt 
field current was monitored during the impact loading 
tests and was found to vary over a range of from rated 
(value at time t = 0) down to 9405% of rated during the 
transient period� with the minimum value occurring at t =
Oo07 secondso Tests made when the series field was added 
indicate an elimination of shunt field current variation 
during the transient period� but the other performance 
characteristics were so close in value to those obtained 
without the series field that it was felt that no useful 
purpose would be served in presenting them • 
In general� the actual performance departs quite 
widely from the theoretical performance in each instance� 
pointing up the need for a modification to the presently 
used methods of representation and analysis, especially 
for control system use. Two alternatives present 
themselves: 
216 
(i) To take precautions, in the design stage, to
insure that phenomena discussed in Chapter IV
are minimized and attempt to design a motor
that behaves, as closely as possible, as pres­
ent analysis methods predict.
(ii) To derive a modified expression for perfor­
mance, based either on test results of a
specific motor or an observed performance of
a large number of motors of different size
and design. Chapter VI of this thesis will
concern itself with this procedure.
CHAPTER VI 
MODIFIED PERFORMANCE EQUATIONS 
In order to gain insight into the complexity of ana­
lytically describing shunt motor performance, consider 
Equation (3-18) which is used to describe the t1 linearized" 
shunt motor speed versus time behavior. It is a linear 
second order differential equation, and the mqtor, as de-
scribed, can be said to be a II second order system 11•
The differential equation of a l?econd order system, 
. -wb,.en transformed from the time domain to the "s-plane t1 by 
·Laplace Transform techniques, has the following general
form (with step type input):
-where:
oo (S) = w .[ · ili . 2 ]oo s(l + s s 
w + wT 
w. = steady state speed 
00 
1; = system d�ping fact!or 
w = system natural frequency 
(6-1) 
w(S) = Laplace transform of instantaneous 
speed as a function of time •. (21, 22). 
' ·. ' 
Speed, as a function of time, can be obtained from 




w(t) = 11> 00[1 + 1 s-c;wt sin(<QVl .... �2 t- X) 
y 1 - 2;2 
(6-2) 
where: 





Equation (6-2) is a solution of Equation (3-18) whose 
form is prefe�red over Equation (3-21) when the roots of 
the auxiliary equation (Equation 3-20) are imaginaryo As 
pointed out in Equation (3-24), the criteria for oscilla-
tion, or overshoot� about the ultimate value of the de­
pendent variable is that .the roots of the auxiliary equa­
tion be imaginaryo In Equation (6-1), the denominator has 
imaginary roots if: 
(6-3) 
In control system technology, the value of damping 
which corresponds to�= loO is referred to as 11 critical 
damping" and values less than this result in IOunder damp= 
ine;;II and the response displays an oscillation or overshoot 
of its ultimate steady state positiono Actually� for an 
overshoot of 10% of its ultimate equilibrium position 9 the 
necessary value of� is: 
(6-4) 
Now, when Equation (6-2) is plotted on a rectangular 
coordinate system� it displays the general form shown in 
·. Figure 6-lo

















Figure 6.1. Second Order System Response to Step Input 
Two specifications for second order linear systems 
that are related to� and w are rise time, tr, and settling
time, t
6
• These are arbitrarily defined parameters and
are shown in Figure 6.1. It can be shown that: 
(6-5) 
For an overshoot of 10% or greater, 0.45 is the ap­
propriate constant in Equation (6-5). (22). Using this 
0.9 - -
t _ ..2.. and t 0.30 to 0.45 ( 22) s - l;w r ~ .. w • 0 
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value, and eliminating ca, from the two expressions, leads -
to: 
When tr and ts are measured for the system under in­
vestigation (from Figure 5ol9) and used in Equation (6-6), 
a calculated value of damping factor is found suqh that: 
� > 2o35 (6-7) 
This value corresponds to a heavily overdamped, non­
oscillating (and no overshoot) response: Yet, the system 
does overshooto Clearly then, it will not be possible to 
express this system response in terms. of a second order 
differential equationo 
Several approaches to this problem were explored in 
the·eourse of this studyo Among those worthy o.r ' discus-
sion.were: 
1. Use of the 00 describ.ing function" technique.
2. Curve fitting procedures involving polynomials.
3. The··addition of iapoles" to the Laplace transfor­
mation as given in Equation (6-1).
Even though all methods were not successful or f�asi­
ble, the reasoning associated with the success or failure 
of the divers methods is, it is felt, worthy of discussion. 
The HDescribing Function" Technique 
This technique is used in system analysis for syst·ems 
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containing an element which'displays a large departure 
from linearity.· The technique has been used for describ­
ing the response of such phe:tnomena as "abrupt saturation, !'
.·" dead bands, '\ vo backlash, � 0 etc. : The use of this technique 
presup�>oses two rather restricting assumptions, i.e. : 
·1 
i. The input to the nonliiear device is to be
a pure sine wave.
ii. The higher harmonics in the output of the.
nonlinear device may be neglected.
The first assumption is so restrictive as to remove 
any utility for this application that the describing func­
tion may usually have. Its greatest usage is in the de­
termination of a. .stable or unstable ·situation, not response 
as a function of time. The input to a shunt motor is usu.­
ally a step type input •. The very fact that the motor ex­
:tilbite nonlinear relation�hips prevents the application of 
. \ i · .  
ithe principle .. of superposition which would permit extrapo-
lation 6f sinusoidal input .results to dete:rril.ine step input
response. 
Curve Fitting Procedures Involving Polynomials 
The simplest curve fitting proc.edures .involve fitting 
the coe.:(ficients of the polynomial w(t) to a given set of 
data points, th.us: 
(6-8) 
Sine� torque, as a function of time,: .may be calculated 
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from Equation (6-8), and this calculation involves deriva-
tives, it is necessary to use a curve' fitting procedure 
which insures'as complete correspondence as possible be-
tween the describing polynomial and the actual data. A 
curve passing through the data points, but with no re­
striction placed on,its locus between selected points may 
· lead to false results and conclusions in both speed and
torque calculationso A quadratic expression is the highest
order polynomial which can be depended upon to pass through
the selected points and to insure a 11 smooth 11 curve between
the selected points. Since a quadratic equation fitting
requires only three sets of data points and three sets of
data points are insufficient t'o adequately describe the w
ve.rsus t curve� such as in Figure 5 o 19 � some mean9 of using
a succession of quadratic equations must be resorted to for
a successful application. One method of doing thi$ is to
use quadratic equations which are delayed or shifted until
specified times. This technique is possible by virtue of
the ability to express some function of time as being zero
untii some specified time has elapsed.
For example j if ,U(t) denotes a unit step function, 
U(t - a) denotes also a unit step function, except in the 
latter case, the value of the function is zero until time 
t=a },1.as elapsed. Whereas, the Laplace Transform· of U(t) 
is;� the transform of U(t - a) is found to be s:,
as
. (21).
Indeed� multiplying the Laplace Transform of any function 
by s-as has the affect of shifting the time function "a"
the r:ight on a re1 angular coordinate sys= 
temso s can bre illust by considering a polynomial, 
c.l( t), as plott 
equal 
s p 
to t·· ·,; 1" 
l.' .&. ,,.
) 
in FJ.gure 6 .. 20 If it is desired that the 
al zero for times less than or 
) CJJ (t) � where U (t = t1) represents a step func= 
on 
functic,n is 
where 1 es 
then t; � '.I' + 
w (;J 
t 
de,layed i.1 time t1 o Ifw(t) = 
of the delayed
(6=9) 
tion proceSSo If T = t = tr, 
'] 
E =t1 s 1r, (T t ) J

















Assume a typical 6Jversus t curve as shown in Figure 6030 
A smooth curve through three points, 2, 3, and l+ can be 
expressed as 
changing this to a function of T � t - t1, using it in 
Equation (6=10), and expanding yields 
22»+ 
(6=11) 
The delayed polynomial then has the Laplace transform� 
<.0(S) "'E-t1s[<ao + a1t! 
+ a2t12) + (
a1 +
s�










If the negative of Equation (6-11) is manipulated in the 
same fashion except using a unit step delayed until time 
t3, the time function shown in Figure 604 can be generatedB 
It's Laplace transform is: 
w(S) = E-t1s Q"Q + a1:1 + ah2) + (a1 +
s
�t1a2) +
(Continued on next page) 
Figure 6040 Generating Non-Periodic Functions




1=1 [Equation (6=13)] 4 
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(6-13) 
Equation (6=13) transforms back to the time domain as: 
or, since T = t = t1
W(t) gi: a0 + a1t + a2t
2 (6=14) 
for t1 <t,t3 o 
By utilizing sequences of combinations of three successive 
data points, it is thus possible to represent the speed-time 
characteristic, obtained experimentally, by a Laplace trans= 
formo The motor transfer function 6J(S)/V(S) can then be 
obtained since w(S) as determined here is for a step voltage 
. . v input, V(S) = ..,,..,
s 
Thus: 
� _ sW(S) 
vm = v 
(6=15) 
This transfer function appears to be a much more re=
liable representation than the function derived from linear 
analysiso 
The coefficients for use in the several quadratic equa=
tions used here can be found either by writing three simul= 
taneous equations involving the three data points or by 
an application of Lagrange's interpolation methodo If 
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wi, ti; wj, t j; wk, tk are three successive data points,
the ior�er method requires simuitanebus solution of: 
ao + alti + a2ti 
2 = oo.
1
ao + a.t. + a2tj 
2
= (l) • (6-16) 
1 J J 




for the coefficients a0, a1, and a2•
of: 
Lagrange's Interpolation Method involves evaluation 
(l) =
(t - tj)(t - tk) (t - ti)(t - tk)
(ti - tj)Ctf - tk) 
00i + (tj - t1)(tj - tkJ 
00
j
(t - t.)(t - t.) 1 iJ w + (tk - ti)(tk - tj) k'
(6-17) 
from which a0, a1 , a2 are found as coefficients of t
0 , t1 ,
t2 . 
Calculated results using this method are presented in 
Section 4 of this chapter. 
Addition of "Poles II to Modify Equation (6.-1)
The form of Equation (6-1) and the actual behavior 
pattern of the motor suggested the possibility of adding 
to Equation (6-1) to obtain an expression of the following 
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type: 
w(S) = (6-18) 
where p4 � p5 
.•.. are additional 
0 0 poles" in th� s- or com­
plex plane. (22). The addition of poles has two effects, 
i.e.: (1) additional derivatives of the step function re­
sponse at t = 0 (resulting in a slower starting response, 
and (2) a change in amplitude and phase of the damped os-
cillation term in the time expression. 
Unfortunately� no analytical technique for pole loca­
tion is available� other than the time honored method of 
'cut and try 0 • This investigator simulated a second order 
system using cascaded passive network of resistance and 
capacitance elements sized to behave (transfer function­
wise) as a linear shunt motor. Additional passive net­
works with adjustable elements were then placed in series 
to simulate the addition of poles corresponding to p4 and
p
5
. With a .step voltage input ? the output was recorded 
and, by means of adjusting pole location� an attempt was 
made to reproduce actual motor output behavior. It was 
found that the addition of each pole has very slight af­
fect on the trans,ient response to a step input. The only 
possibility would be to use a large number of additional 
poles and the necessity for executing a unique� composite 
adjustment of each pole position makes this approach 
unworkable. 
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Calculation of Response Using Curve Segments 
The sets of data points shown in Table VI-II were 
taken from the speed response of the motor used in this 
investigation (plotted in Figure 5ol9) for the condition 
of no series field and with the shunt field at rated exci­
tation at time t = O .. The coefficients of the quadratic 
equations representing the various response curve segments 
were calculated -µsing the Lagrange Interpolation Formula 
and are presented in Table VI-II .. The curve segments are 
plotted, using the calculated coefficients, in Figure 6 .. 50 
Using the delay and shift techniques associated with 
-Laplace transformation methods, as discussed earlier, the
Laplace transformation of speed as a function of time is
(using coefficients from Table VI-II):
w (S) a':! 224 + 143�0 + E-o .
ls 1.2 _ 47� _ 22§201 +
7 s Ls s s J 
,., c0 .4s �5i + 3��� +
+ co ,5s E¥ + 6:l}
(Continued on page 232) 
- -- - ---- --- ·-· ·· - - -� -- - -- -- -- -- - ---- --- -- --- ----- - --
TABLE VI-II 















1. W = 0 .+./224t + 7180t2
: 2 2. W = -66 ;:+ 2050t - 4280t
} . 
2 3.. W = -30 };t 1470t - 2300t 
� 2 4. GJ = 6 +i ll70t - 1700t
5° W = 190 ;:  97t - 167t2
6 0 w = 270 t� 236t + 166t2
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(6-19) 
The speed response used in these calculations was for 
a step input voltage of 115 volts; V(S) = 115/s. Dividing 
each side of.Equation (6-19) by V(S) will yield the motor 
transfer function. 
Since the nonlinearity exhibited by the motor is a re­
sult of shunt field to armature circuit coupling more than 
as a result of saturation of the iron core, the transfer 
function as obtained above should be valid over the rated 
voltage range of the m�tor. 
Since the general torque expression is: 
(6-20) 
torque, as a function of time can be calculated over the 
various time intervals. Using the previously established 
values of: 




J • 0.0032 Kg-meters-sec2
the calculated values of torque are: 
0 < t < 0.1 
T ::: 0.85 + 27 •. 2t + 43.6t2
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O ol (.._ t <. 0 o2
--...::::: 
T 
- 4.5 - 15t - 27t2-
0�2 < t (Oo3 
T = 4.661 - 5.80t - 13.97t2
0.3 ( t < Oo4 
T • 30924 - 3o78t - 10.32t2
Oo4 <. t <o.6 
T = 10606 - Oo480t - lo013t2
006 � t ( 0 .. 7 
T ::: 1.02 - Oo37t + t2
t) Oo7
T = 1.28 newton meterso (6- 21) 
Values of torque for various times were calculated and 
are shown in Figure 6.6 along with torque calculated from 
the linearized equations and the observed torque reproduced 
from Figure 5020. The torque, as calculated from Equation 
(6-21), leaves a lot to be desired from the accuracy stand­
point, but it is a considerably better representation in 
several respects, i.e., the torque calculated by Equation 
(6-21) shows a ma:x;imum of less than twice observed torque, 
whereas the torque calculated from the linearized analysis 
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has a peak of approximately six times the observed value and 
the linearized version reaches steady state in Ool5 seconds, 
whereas the observed torque snd the torque calculated by 
Equation (6=21) both reach steady state about t • Oo70 
seeondso Also, by Equation (6-21), the torque behaves as 
the,observed torque in that there is an undershoot below 
the ultimate value while the linear version appears to be 
slightly over-damp�do 
This method of speed and torque calculation is far 
superior to procedures based on linearized versions of the 
shunt motor and gives nearly exact reproductions of speed 
versus time and a usable transfer function for the motor 
even though the torque calculations are in erroro It is 
felt by this investigator that the probable source of 
error lies in a possible oversimplification of the system 
friction because of the neglect of coloumb friction; that 
is, ''staticlf frictiono A non-zero value of input is nec-
essary to overcome this type of friction and it is a dif­
ferent value than will be obtained by projecting the roll­
ing friction and rotating torques back to zero speed (which 
is a standard procedure and the one used in this analysis)o 
This "threshold tt behavior is a consequence of phenomena 
that exists on a microscopic scale and can be characterized 
only in statistical termse Also, some error will have been 
·introduced in arbitrarily selecting data points from the
speed versus time response because the t location of a
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on �l in the vicinity of the data point and this results in 
a large portion (J �) or" the developed torque in the 
calculations .o 
CHAPTER VII 
SUl"IMARY AND CONCLUSIONS 
Summary 
It is common practice in system analysis procedures 
to consider the widely used shunt connected doCo motor as 
a linear deviceo The differential equations written to 
describe the motor behavior are ordinary linear differen­
tial equationso 
The set of equations necessary to completely describe 
performance are presented as Equations (3=3) through (3=7)� 
followed by the necessary assumptions that 00 linearize 00 the 
motor and simplify the analysis procedure suff:Lciently to 
enable closed loop analysis techniques to be employedo 
Derivations of performance expressions� based on the 
simplifying assumptions� are presented for various config= 
urations in Chapter IIIo 
The factors neglected by the simplifying assumptions 
are investigated in Chapter IVo In this chapter� the use
of Frohlich's representation of the magnetic structure is 
utilized to derive quantitative expressions for the evalu­
ations of (i) the current=time response of a nonlinear 
circuit, (ii) the demagnetizing affect of armature reaction, 
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and (iii) the affect of brush shift on torque output and 
induced voltageo Although these effects have been inves­
tigated by others j the investigations were of qualitative 
or graphical natureo The results presented in this thesis 
allow, for the first time� evaluation of these phenomena 
in the design stage. 
Chapter Vis concerned with methods of obtaining ex-
perimental transients as well as presenting observed re­
sults for a doCo motor subjected to various initial condi­
tions and load situationso These results are compared with 
performance as calculated for the motor using the linear 
>-
type analysis and a�e found to have wide discrepancies with 
respect to calculated performanceo The.discrepancies are 
so great as to lead one to conclude that the linear type 
version of response is very nearly worthless from a quan= 
titative standpointo 
Chapter VI concerns itself with a derivation for an 
experimental procedure from which calculations can be made 
resulting in performance expressions which agree quite well 
with reality� and from which a transfer function can be 
obtained for use· in syspem analysiso 
Conclusions 
Two choices are available for obtaining more faithful 
representation.of the transient behavior of direct current 
shun:!; connected motors o 'The· form of the motor, as present-
ly designed can be accepted 90 as is ou, and recognized as a 
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device which will not behave as predicted by simplified 
lineariz�d equations, or steps c� be taken in the design 
of the motor which will minimize the factors contributing 
to the departure of actual from predicted performance. 
If the former option is chosen, resort to the experi­
mentally determined transfer function proce�ure developed 
in this thesis will lead to more accurate results. The 
degree of accuracy is a function of the total number of 
aata points utilized. In the results presented in Chapter 
VI, a minimum number.of points were used, the transfer 
function relating speed output to voltage input was nearly 
an exact duplication of the observed performance while the 
torque-time response calculation displayed only one-sixth 
the error present when calculated by linearized equations. 
Specifications for a new design in which de-emphasis, 
or elimination if possible, of factors eontribu�ing to the 
performance discrepancies noted in this thesis.should be 
determined after consideration of the following parameters. 
A. Brushes and Rigging
The quantitative results derived in Chapter IV-D
predict the effect of brush shift and indicate that it re­
sults in either magnetizing, or demagnetizing effect in the 
magnetic structure (depending upon the direction of shift 
relative to rotational direction of the armature). In con­
trol system work, since the requirement is for rotation in 
b.Oth·.di'rec:ti:ons ;· brus.h.es :must·.be on :neutral. This requirement
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dictates the use of a commutating field, or interpole j for 
commutation assistanceo 
Since the resistance introduced into the armature 
circuit by the brush system is difficult to predict and 
is als·o highly variable (being a function of current den­
sity, speed, atmospheric conditions, physical wear of the 
brushes, etco), the armature resistance should be made as 
large as possible in order to minimize exterior manifesta­
tions of the variations introduced by the brusheso This 
will, incidentally, aid commutationo 
Bo Armature Windings 
High armature resistance is desirable from the stand­
point of the factors mentioned in (A) 9 but more important 
from a transient standpoint is that it will reduce arma­
ture to shunt field coupling by virtue of decreasing the 
resultant current within the closed circuits formed by ar­
mature winding,· commutator segments and brushes duri_ng 
switching or transient periodso The coupling a�ises from 
other sources also·. (see below) but it appears to this in­
vestigator to be the dominate over-all factor responsible 
for discrepancies noted aboveo As pointed out in Chapter 
IV, the induced voltage, during dynamic conditions; is as 
much as 37% less than one would predict f�om the regular 
open circuit characteristic of the motoro 
The demagnetizing effect of the coupling, due to cir­
culating currents in portions of the armature, can also be 
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lessened by avoiding the use of complex armature winding 
arrangements� such as duplex� triple reentrant, etc., that 
consist of multiturn connections to the commutator seg­
ments upon which the brush system must be such as to span 
three or four segments. This results in a larger number 
of short circuited armature turns than would be present in 
a simple lap or wave winding. 
C. Use of Additional Windings
In Chapter IV-C ? this author developed a quanti�ative
analysis of the demagnetizing effect of armature reaction� 
utilizing the constants of Frohlich 0 s Equation as they re­
late to a specific magnetic circuit. Since armature reac­
tion is one of the factors with .the most pronounced effect 
upon net core excitation (and the so called torque con­
stant) the use of compensating windings located in the 
pole faces appear justified regardless of motor size� if 
transient response is critical. 
A series field for compounding a motor is often con­
sidered desirable� especially for high torque (at low 
speed) type loads. This usage is commonly specified be­
cause of the impression� widely held in industry� that the 
series field ampere turns� per se, are responsible for ad= 
ditional torque. If the magnetic circuit is operated above 
its knee, the additional ampere turns contributed by the 
series field will result in a negligible increase in flux. 
However, the torque is increased by virtue of the decreased 
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magnetic circuit demagnetization due to armature to shunt 
field coupling. This coupling is decreased several orders 
of magnitude when a small series field is present. For 
this reason� this author prefers to designate the series 
winding as a stabilizing winding� rather than a compound­
ing winding. 
A mathematical derivation of the benefits of a commu­
tating, or interpole winding� is presented for the first 
time in Chapter IV. The advantage accrues from two stand= 
points, i.e., because of the polarity of the winding� it 
tends to neutralize armature circuit inductance which is a 
motor parameter subject to broad variations in value and 
because of the fact that 11 under 00 commutation results in a 
direct magnetizing effect. If a winding of a number of 
turns such that it would be over strength with full arma­
ture current is installed j it can be adjusted to provide 
the proper strength for commutation in the steady state by 
shunting it with a resistor to divert a portion of the ar­
mature current and reduce the net ampere turns to the prop­
er value. During transient periods, because of the self 
inductance of the winding� a larger percentage of armature 
current is diverted j resulting in °
0 under 00 commutation and 
direct magnetizing effect, thus neutralizing other demag­
netizing influence. 
D. Core Fastening Methods
The method of fastening the core laminations and the 
motor frame should be carefully designed to insure no 
closed conducting paths within which current can circulate 
during transient periodso These circulating currents are 
in such a direction as to demagnetize the main field dur­
ing load increases. If closed paths are unavoidable, care 
should be taken to select fasteners of as high resistivity 
as possible in order to restrict the magnitude of the in-
duced currents .. 
E. Core Material� Configuration and Excitation
Requirements
A procedure for qualitatively evaluating core materi-
als and configurations with respect to response time was 
developed during this investigation .. The evaluation is 
with respect to initial permeability and magnetizing re­
quirements and uses Frohlich 1 s Equation as a basis of com-
parison of the various materials. For minimum response 
time and minimum eddy current effects j the design should 
utilize a low resistivity j high permeability core material 
with the fewest number of turns on the exciting winding 
consistent with the maximum allowable exciting currento 
High permeability and low resistivity tend toward re.la-
ti vely large eddy current time constants in the core itself 
but this results in minimum disturbance in the excitation 
winding from the eddy currents .. 
It is felt by this author that positive steps can be 
taken in both analysis and design to insu�e more faithful 
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representation of the transient behavior of d.c. motors, 
resulting ip. an increased accuracy of over-all syste,m per­
formance predicti.ons o It is hoped that the derivations 
and developments originating during this :investigation and 
�;esented in this thesis will contribute to the over-all 
pr�blemo-
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APPENDIX A 
In order to calculate i versus t for the sample cal­
culation in Chapter IV, Sub-section A, an IBM 1620 compu­
ter was utilized. In the sample calculations, the stipu­
lation was made· that 5. 0 amperes exciting current and a 
maximum flux of 0.0125 webers corresponding to 5.0 amps 
excitat.ion would be used. A range of values of D and N 
were chosen, such that: 
0.015 < D < 0.03 
500 < N < 1500 
in increments of D = .005 
in increments of N = 500. 
Defining D, N, max and Is constrained the value G.
The time for current build up to various values of i, 
where 0.5 < i < 4.95 in increments of i = 0.5 were made 
using Equation (4-16) which is, with values: 
1.56 Ni 
62.5 x 104 [50 - (5- i)(0.0125)] 
0.0125N:.(D-.0125) 
[5D - (5 - i)�0.0125)]
62"5D 
D-0.0125 (5-i • 
This information was used to plot Figures 4.4 through 
4.10. 
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SAMPLE PRINT OUT 
500.00000 
1·.68.37276E- 2 
3·. 3306037E- 2 
4.9778861E- 2 
6.6680390E- 2 
8 .456330·3E- 2 
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